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Learning to generate
Distributions, autoencoders and VAEs, built from one handwritten 3

Nipun Batra · IIT Gandhinagar

A 3 turns into a 7. Every frame is decoded from a point on a straight line through the code space of the VAE we train today.
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STA R T W I T H  A Q U E ST I O N

Who are these people?

No one. Each face is a random vector of 512 numbers pushed through a trained network.
Karras, Laine & Aila, A Style-Based Generator Architecture for GANs (StyleGAN), 2019 · CC BY-NC 4.0 2



YO U R  T U R N  TO  B E  T H E  J U D G E

Real or generated?

Generated: 1, 3, 6, 7, 8, 10 (teal frames). Six from a small GAN, trained in about 9 minutes: the
topic of the next lecture.

1 generated 2 real 3 generated 4 real 5 real 6 generated

7 generated 8 generated 9 real 10 generated 11 real 12 real
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G E N E R AT I O N  I S  N OT O N LY " M A K E  A R A N D O M  P I C T U R E "

Predict the output, then look

Each input allows many plausible outputs. A generator must pick one that looks real.

a sketch → a photo

→

a horse → a zebra

→

fill a hole

→

a label map → a landscape

→

pix2pix (Isola et al. 2017) · CycleGAN (Zhu et al. 2017) · Context Encoders (Pathak et al. 2016) · SPADE (Park et al. 2019). All published model outputs. 4



O N E  I N P U T,  M A N Y A N S W E R S

The same label map, three different photographs

A generator does not learn one answer. It learns a distribution of answers and draws from it.

the condition

→

sample 1 sample 2 sample 3

SPADE / GauGAN, Park et al. 2019, teaser figure: here the variation comes from a style image given to the generator. 5



W H AT A L L O F  T H E S E  S H A R E

Randomness in, a learned network, a sample out

Training means: adjust  until the samples look like the data. But what is the loss?

randomness
z ∼ N (0, I)

condition (optional): what to make
a label “7” · a sentence · a sketch · a place and date

learned generator
a neural network with weights θ

a new sample x

θ
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W H AT C A N  T H E  C O N D I T I O N  B E ?

Tell the generator what you want

The condition fixes what; the randomness still decides which one of the many matching outputs
you get.

a label  

our own conditional VAE: eight different random , all asked for a 7

a sentence + a date  “a satellite image of an electric
substation in Finland”, August vs January

DiffusionSat (Khanna et al., 2024): same caption, only the month changes

a sentence + a place  “a satellite image of a stadium”, France vs
USA coordinates

DiffusionSat: same caption, only the latitude and longitude change

an image  a sketch, a label map, a photo with a hole

→

pix2pix, from the earlier slide

c = 7

z
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O U R  C O N D I T I O N A L VA E ,  A L L  L A B E L S  AT O N C E

The label picks the digit; the random  picks the stylez

0

1

2

3

4

5

6

7

8

9

Each row: one label , from 0 to 9.

Each column: one random , the same all
the way down.

Read down a column: every digit is written
with the same slant and thickness. The code

 carries the handwriting; the label carries
the identity.

c

z

z
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E A R L I E R  I N  T H I S  C O U R S E

You have already built a generator

Same idea today: learn a distribution, then sample from it. Only now the samples are images.

Our name model reads three characters and gives a
probability for every next character.

after a a b, the trained model says:

– 0.46

i 0.12

h 0.09

r 0.08

b 0.06

s 0.04

other 21 0.15

Generate: sample a character, append it, repeat.

a → a → b → i → d → –

A different random draw at any step gives a different name.
That is a generative model: it gives probabilities, and we
sample from them.
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E A R L I E R  I N  T H I S  C O U R S E

A whole name gets one probability

Training made this number large for every name in the data. That is maximum likelihood, and it is
what we want for images too.

context next probability −log p

– – – a 0.08 2.53

– – a a 0.08 2.53

– a a b 0.02 3.91

a a b i 0.12 2.12

a b i d 0.09 2.41

b i d – 0.23 1.47

aabid 3.2 × 10⁻⁷ 14.96

p ​(aabid) =θ ​p ​(x ​ ∣
t

∏ θ t x ​) −<t log p ​(aabid) =θ ​ − log p ​(x ​ ∣
t

∑ θ t x ​)<t
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F R O M  N A M E S  TO  D I G I T S

Two ways to generate a 28 × 28 digit

Today: route B. Two questions: where does  come from, and how do we train a decoder when no
one tells us the right ?

A · one pixel at a time

784 predictions in a row, like our names
p(x) = ​ p(x ​ ∣∏i i x ​)<i

B · all pixels from one random vector

0.33

−1.99

z

decoder

one pass: 2 numbers in, 784 pixels out
x = decoder(z)

z

z
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R O U T E  A ,  T H E  W AY O U R  N A M E  M O D E L W O R K E D

Predict each pixel from the pixels already drawn

drawn so far · next pixel (orange) · not yet drawn (grey)

context: 3 rows above + 3 to the left
24 pixels the model may look at

p(x ​ =i ink ∣ 24 pixels) = 0.89

network one probability: ink or paper?

Repeat for all 784 pixels, one after another:

p(x) = ​ p(x ​ ∣∏i=1
784

i x ​)<i
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R O U T E  A ,  T R A I N E D  O N  M N I ST

What these two pixel-by-pixel models generate

More context, better strokes. And route A gives an exact : just add the 784 log-
probabilities.

context: 3 previous pixels · context: 24 pixels above and left · log p(our 3) = −123.7 log p(our 3) = −69.4

log p(x)
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S O  W H Y R O U T E  B  TO DAY ?

Two routes, different strengths

Route A is the name model you already know. Today is route B: what the code is, and how to train
a decoder when nobody tells us the right code.

A · pixel by pixel B · one code, one pass

generate one
image 784 network calls, in order 1 network call

 of an
image

exact: a sum of 784 terms an integral over codes: hard

a short summary
none yes: 2 to 100 numbers you can move, mix,

edit

used today in language models; image models over
image tokens

VAEs, GANs, and the latent space of
diffusion models

log p(x)

z

14



T H E  P L A N

Today's route, in two sessions

One running image throughout: test digit #90, a handwritten 3. GANs get their own lecture.

SESSION 1

1 Distributions and fitting
a 1-D toy: fit, sample, how many bumps

2
Autoencoders
plain, denoising, sparse, contractive; why they cannot
generate

3 The probabilistic view
prior, likelihood, an intractable posterior

SESSION 2

4 KL divergence
how far apart are two distributions?

5 Variational inference and the ELBO
a loss that never computes 

6 Reparameterisation
backprop through a random draw

7 The VAE on MNIST
one digit, end to end, with real numbers

p(x)
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PA R T 1  O F  7

Learn a distribution from
examples, then sample from it
We have seen what generators can do. Before any network, the
whole idea on one number: what does "learning" mean, and
how do we then make new samples?

1 Distributions and fitting

2 Autoencoders

3 The probabilistic view

4 KL divergence

5 Variational inference and the ELBO

6 Reparameterisation

7 The VAE on MNIST

16



W H AT A R E  W E  T R Y I N G  TO  D O ?

Examples in, a model out, new examples from the model

1 · Learn
Choose the model's parameters  so that the
examples we have are probable under it.

2 · Generate
Draw new samples from the learned model .

unknown process
people writing digits

data learn model
p ​θ

sample

a new digit

unknown process
a recipe we hide

data
−2.26 1.14 −2.26 −2.24

learn model
p ​θ

sample
?

a new number

θ p ​θ
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O U R  TOY DATA

200 numbers from a recipe we keep hidden

The model sees only these 200 numbers, not the recipe. Goal: learn from them, then produce a
201st that looks like it belongs.
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A T E M P T I N G  A N S W E R

The average is a terrible sample

The mean is a number that almost never occurs. Generating needs the whole spread of the data,
not one summary of it.
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O U R  F I R ST M O D E L :  O N E  G A U S S I A N  ·  H O W  I T  S C O R E S  A N U M B E R

How probable is  under a bump at 2?

The model's two parameters,  and , decide how high the curve is at every . Higher means
more probable.

x = 1.5

N (x;μ,σ ) =2
​ exp( −

σ ​2π

1
​ )

2σ2

(x − μ)2

​ =
σ

x − μ
​
=

0.5
1.5 − 2

−1

exp( − ​ ⋅2
1 (−1) ) =2 e =−0.5 0.607

​ =
0.5 ​2π

1
0.798 ⇒ 0.798 × 0.607 = 0.484

μ σ x
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ST E P  1  ·  L E A R N

Score a choice of  on all 200 numbers

Learning = keep the  with the highest score. That is maximum likelihood, the same rule that
trained the name model.

μ,σ

log p ​(data) =θ ​ log N (x ​;μ,σ ), θ =
i=1

∑
200

i
2 (μ,σ)

log p = −3746.0 log p = −1790.0 log p = −430.0
θ
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ST E P  1  ·  L E A R N ,  T H E N  ST E P  2  ·  G E N E R AT E

The best Gaussian has a formula; then we sample from it

Step 2: 11 of 30 samples land in the empty gap. Learning worked; the model was too simple.

​ =μ̂ ​ ​x ​ =
N

1

i=1

∑
N

i −0.22 =σ̂2
​ ​(x ​ −

N

1

i=1

∑
N

i ​) =μ̂ 2 4.31 x ​ =new ​ +μ̂ ε, ε ∼σ̂ N (0, 1)
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T H E  S A M E  F I T,  I N  PY TO R C H

Learning = gradient descent on the negative log-likelihood

x = torch.tensor(data)                  # the 200 numbers
mu        = torch.tensor(1.0, requires_grad=True)
log_sigma = torch.tensor(0.0, requires_grad=True)
opt = torch.optim.Adam([mu, log_sigma], lr=0.05)

for step in range(300):
    dist = Normal(mu, log_sigma.exp())
    loss = -dist.log_prob(x).mean()
    opt.zero_grad(); loss.backward(); opt.step()

x_new = dist.sample((30,))              # step 2: generate

Result: , , exactly the formula's
answer. Then sample is step 2.

μ = −0.22 σ = 2.08
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W ATC H  T H E  F I T  H A P P E N

Four moments of that loop

The curve starts in the wrong place, widens to cover both clumps, and stops at the best single
bump. The loss falls from 3.82 to 2.15.

24



C H E C K P O I N T

So far: learn and generate work; one bump is not enough

what we did result

Learn chose  to maximise 

Generate sampled many samples in the gap

Fix a richer model that can make two clumps next slide

μ,σ log p ​(data)θ ​ =μ̂ −0.22,  =σ̂ 2.08

x = ​ +μ̂ εσ̂
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A R I C H E R  M O D E L :  T E L L  A  STO R Y

Hidden choice first, then the number

This is how we will generate: run the two steps. The coin is never written down in the data, so it is
a hidden (latent) variable .

step 1 · hidden choice

A B

flip a fair coin:
p(z=A) = p(z=B) = ​2

1

step 2 · draw x from the chosen bump

−4 −2 0 2 4

bump A bump B  ← z = B

x = 1.62

z
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H O W  T H E  N E W  M O D E L S C O R E S  A N U M B E R

To score , add up every way it could have been made

One hidden coin flip made the model rich enough: the samples now fall in the bumps, not in the
gap.

x

p(x) = ​ +

made by bump A

​​ N (x; −2, 0.5 )2
1 2

​ =

made by bump B

​​ N (x; 2, 0.5 )2
1 2

​p(z) p(x ∣
z

∑ z)

at x = 1.5 : ​ ⋅2
1 0.000 + ​ ⋅2

1 0.484 = 0.242
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F I T T I N G   B U M P S  I N  PY TO R C H

Same loop, a richer log_prob
K

logits = torch.zeros(K, requires_grad=True)   # bump weights
means  = torch.randn(K, requires_grad=True)
log_sd = torch.zeros(K, requires_grad=True)

def log_p(x):                                # log p(x), shape [N]
    comp = Normal(means, log_sd.exp()).log_prob(x[:, None])   # [N, K]
    return torch.logsumexp(log_softmax(logits) + comp, dim=1)

loss = -log_p(x).mean()        # then the same 3-line update

Training is unchanged. With  it
finds centres −2.06 and 1.98, widths
0.52 and 0.54.

K = 2
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ST E P  2  ·  G E N E R AT E ,  F R O M  T H E  T W O - B U M P  F I T

Sampling runs the story: choose a bump, then a number

1,000 new numbers that follow the data, and none of them is a copy of a training number.

weights = softmax(logits)
k = torch.multinomial(weights, 1000,
                      replacement=True)    # the coin
x_new = means[k] + log_sd.exp()[k] * torch.randn(1000)

Step 2: draw a number from that bump: its centre plus
its width times standard noise.
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B U T H O W  M A N Y B U M P S  S H O U L D  W E  F I T ?

More bumps always fit the training data better

1, 2, 3, 4 bumps, each fitted with the same loop. The training score rises every time. So which one
do we keep?
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S C O R E  O N  DATA T H E  F I T  H A S  N E V E R  S E E N

New data decides: two bumps

Choose the size of a model by how well it scores data it has not seen. That holds for bumps, and
for networks.

Draw 200 new numbers from the same hidden
recipe and score each fit on them.

1 → 2 bumps:  per number. A real
improvement.

3 or 4 bumps: the training score creeps up, the new-
data score does not. The extra bumps fit noise in the
200 training numbers.

−2.153 → −1.376

31



ST E P  1  ·  L E A R N ,  LO O K E D  AT C LO S E LY

Hidden in the fit: which bump made each point?

Running the story backwards, from a number to its likely hidden cause, is called inference. The
gradient descent we just ran was doing it all along: four slides on, we will see where.

If we knew the coin for every point
fitting is easy: average the A-points for bump A's
centre, the B-points for bump B's.

We don't, so ask for each point
given this , how probable is it that bump B made
it? That is .

x

p(B ∣ x)
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T H E  B AC K W A R D S  ST E P,  W O R K E D  B Y H A N D

You see . Which bump made it?

Bayes' rule is just this table: multiply, then divide by the total. Note the total is exactly the  of
the two-bump formula.

x = 0.1

bump prior likelihood prior × likelihood ÷ total = posterior

A, centre 0.5 0.168

B, centre 0.5 0.832

total 1.000

z p(z) p(x ∣ z)

−2 1.18 × 10−4 5.89 × 10−5

2 5.84 × 10−4 2.92 × 10−4

= p(x) 3.51 × 10−4

p(B ∣ x) = ​ =
p(x)

p(B) p(x ∣ B)
0.832

p(x)
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D O  I T  F O R  E V E R Y 

The backwards step, as a curve

These are the colours on the 200 points two slides ago.

x

Repeat the table for every  and plot .

Far right: certainly B. Far left: certainly A. Near 0:
unsure.

For these two bumps the curve is exactly
: a logistic regression in disguise.

x p(B ∣ x)

sigmoid(16x)
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T H E  B AC K W A R D S  ST E P,  I N  O N E  L I N E

Posterior = softmax of (log prior + log likelihood)

Softmax is "exponentiate, then divide by the total": exactly the last column of the Bayes table.

log_joint = log_softmax(logits) + Normal(means, log_sd.exp()).log_prob(x)   # [K]
posterior = softmax(log_joint)                 # divide by the total: Bayes

With the fitted bumps, at : , . (With the true recipe it was 0.832: the fitted bumps
are slightly different.)

x = 0.1 p(A ∣ x) = 0.094 p(B ∣ x) = 0.906
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W H Y L E A R N I N G  N E E D S  T H E  B AC K W A R D S  ST E P

The gradient of  is weighted by the posterior

Each point pulls each bump in proportion to how likely that bump made it. Learning needs the
posterior for every point: a 2-row table here, an intractable patch for images.

log p(x)

At : bump B's centre is pulled by , bump A's by .

​ =
∂μ ​k

∂ log p(x)
​ ⋅p(k ∣ x) ​

σ ​k
2

x − μ ​k

x = 0.1 0.832 × (0.1 − 2)/0.25 = −6.32 0.168 × (0.1 + 2)/0.25 = 1.41
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F O U R  W O R D S  F O R  T H E  R E ST O F  T H E  L E C T U R E

Prior, likelihood, evidence, posterior

Generating uses the prior and the likelihood. Learning needs the evidence and the posterior.

name symbol question it answers at 

prior what do we believe about  before seeing ? 0.5, 0.5

likelihood if  were known, how probable is this ?  for B

evidence how probable is  overall, summing over ?

posterior having seen , which  explains it? B: 0.832

x = 0.1

p(z) z x

p(x ∣ z) z x 5.84 × 10−4

p(x) x z 3.51 × 10−4

p(z ∣ x) x z
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PA R T 1 ,  S E C O N D  H A L F

The same recipe, on real images
Learn a distribution, then sample from it: can Gaussian bumps
generate handwritten digits? How far does this simple toolkit get us,
and where does it run out?
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T H E  P L A N ,  A S  A  P I C T U R E

Squeeze, fit bumps, sample, un-squeeze

Two questions before any code: each bump is a Gaussian over what? And how many bumps?

learn

784 pixels

PCA

z = V (x −⊤ )x̄

0.3

−1.2

2.1

...

0.8

 numbersd

K Gaussian bumps

each over the  numbersd

weight + centre ( ) + covariance ( )d d(d+1)/2

generate

−0.4

1.7

0.2

...

−1.1

new  numbersd

inverse
PCA

=x̂ +x̄ V z

784 pixels
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W H I C H  D I M E N S I O N  I S  E AC H  G A U S S I A N ?

One bump, three possible sizes

Keep the covariance, shrink the dimension: a full Gaussian over 50 numbers costs about 230
times less than one over 784 pixels.

each bump is a Gaussian over centre covariance numbers per bump, with its weight

1 number (the toy) 1 1 (a width) 3

784 pixels, every pixel on its own 784 784 widths 1,569

784 pixels, with all pixel pairs 784 307,720 308,505

50 PCA numbers (what we fit) 50 1,275 1,326

Samples from one 784-pixel Gaussian with
independent pixels: each pixel jitters on its
own, so you get static around the average
digit. Strokes need pixels that move
together.
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T H E  S Q U E E Z E ,  A N D  T H E  W AY B AC K

PCA and inverse PCA: generation needs both

The bumps only ever see . Every generated sample is  numbers until the inverse PCA turns it
into pixels. With , 82.5% of the variation survives the round trip.

PCA, image to  numbers: coordinates along the 
directions in which digits vary most.

Inverse PCA,  numbers back to an image: add the
directions back onto the mean digit.

top: test digits, our 3 among them · bottom: PCA to 50 numbers, then
inverse PCA

d d

​ =
d

​z ​ ( ​)
d×784

​V ⊤

784

​x − x̄

d

​ =
784

​x̂ +x̄ ​ ​

784×d

​V

d

​z

z d

d = 50
41



S Q U E E Z E  A L L T H E  W AY TO  2  N U M B E R S

In 2-D you can see every bump

2 numbers keep only 16.8% of the variation. Every bump is visible, every sample is a ghost:
interpretable is not the same as good.

4,000 test digits by their 2 PCA numbers, coloured by label
(the model never saw labels). Black: 10 fitted bumps, 1 and
2 widths. Red ×: 24 samples.

Inverse PCA of a grid over the
plane: every point is a blend of a
few blurry shapes.

the 24 red × after inverse PCA
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T H E  T W O - B U M P  C O D E ,  S C A L E D  U P

PCA, fit  bumps, sample, inverse PCAK

x = mnist_train.flatten(1)                 # [60000, 784], grey levels
mean = x.mean(0)
_, _, Vt = torch.linalg.svd(x - mean, full_matrices=False)
V = Vt[:d].T                              # [784, d]
z = (x - mean) @ V                         # PCA: [60000, d]

gmm = MixtureSameFamily(Categorical(logits=logits),
                        MultivariateNormal(means, scale_tril=L))
loss = -gmm.log_prob(z_batch).mean()       # the same 3-line update

z_new = gmm.sample((24,))                  # step 2: generate
x_new = (mean + z_new @ V.T).clamp(0, 1)    # inverse PCA: [24, 784]

Generating: pick a bump by its
weight, draw  numbers from it,
inverse PCA to 784 pixels.

d
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T R Y I T:  E V E R Y C O M B I N AT I O N  B E LO W  W A S  F I T T E D

Slide the dimension and the number of bumps

PCA numbers 

50

bumps 

100

variation kept by  numbers: 82.5%
parameters: 132,599
score on new images: −16.5
new images prefer  = 100 at this 

test digits

after PCA to  numbers and back

24 samples from the -bump fit, after inverse PCA

d

K

d

K d

d

K
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H O W  M A N Y B U M P S  F O R  M N I ST ?

The toy's rule: score on images the model has not seen

Pick the smallest  that does as well as any on new images: , 132,599 parameters, each
bump a Gaussian over 50 numbers.

. Fit  = 1, 2, 5, 10, 20, 50, 100, 200, 400, 800
bumps to the 60,000 training images.

Training images: more bumps fit them better, as
with the toy.

10,000 new test images: the score stops improving
at . Doubling to 200 bumps changes the
score by +0.2 nats. At 800 even the training score
drops: that many bumps are more than 2,000 steps
can fit.

d = 50 K

K = 100

K K = 100
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C H O O S I N G   W I T H O U T H E L D - O U T I M AG E S

AIC and BIC: charge for every parameter

New images and AIC agree on ; BIC, which charges more per parameter, keeps only 50.
With plenty of data, measure on new data; with little, AIC or BIC.

K

: the training log-likelihood, summed over all  = 60,000 images · : the number of parameters · smaller is better

rule needs price per parameter picks

score on new images 10,000 extra images none, it is measured

AIC training data only 2

BIC training data only

AIC = 2p − 2 logL BIC = p logN − 2 logL
logL N p

K = 100

K = 100

log 60,000 = 11.0 K = 50

K = 100
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W H AT T H E  B U M P S  L E A R N E D

Each bump's centre is a style of digit

The hidden coin now has 100 sides, one prototype each, found without the labels. The backwards
step  is still just a 100-row table.

the centres of the 100-bump fit, after inverse PCA, heaviest bump first (the heaviest has weight 3.9%)

p(z ∣ x)
47



ST E P  2  ·  G E N E R AT E

Samples, as the number of bumps grows
1 bump: a single Gaussian over the 50 numbers of every digit

10 bumps

100 bumps, the size chosen on new images
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O R  S K I P  P C A :  M O D E L T H E  7 8 4  P I X E L S  D I R E C T LY

A mixture of Bernoullis: each bump is 784 ink probabilities

Inside a bump every pixel is on its own, so samples are speckled; only the choice of bump ties
pixels together. Same lesson as the 784-pixel Gaussian.

the 20 heaviest of 200 bumps: , ink probability per pixel samples: pick a bump, flip each pixel's coin

log p(x ∣ k) = ​ [x ​ log π ​ +
i=1

∑
784

i ki (1 − x ​) log(1 −i π ​)]ki

π ​k
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A N  H O N E ST LO O K

New digits, not copies, and not yet sharp

top: 8 samples · bottom: the closest of the 60,000 training images

What worked

The Part 1 loop, unchanged, learns a distribution
over images and samples digit-like shapes, close to
real digits but not copies of them.

What did not

Blur from the straight-line squeeze, and each bump
can only stretch its template along fixed directions,
not bend a stroke.
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W H Y W E  C A N N OT STO P  H E R E

This recipe does not scale

We need a squeeze that can bend, learned by a network, and parts that are shared. Part 2: the
autoencoder.

image numbers covariance per bump

MNIST, 28 × 28 grey 784 307,720

32 × 32 colour 3,072 4.7 million

64 × 64 colour face 12,288 75.5 million

256 × 256 colour photo 196,608 19.3 billion

Squeeze first? A straight-line squeeze needs more
and more numbers for richer images, and still blurs.

More bumps? Each bump is one template plus a
Gaussian wiggle. Every pose, style and lighting
needs its own templates.

Nothing is shared: the bump for a slanted 7 learns
nothing from the bump for an upright 7.
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E N D  O F  PA R T 1

What we did, and what comes next

WHAT WE DID

1. Learn = choose parameters that make the data
probable.

2. Generate = sample from the learned model.

3. One bump was too simple; a hidden coin  fixed it.

4. Scoring  sums over ; learning needs the backwards
step .

5. In code: one loop, loss = -log_p(x).mean(); choose
the size on new data.

6. On MNIST: PCA to 50 numbers, 100 Gaussian bumps
over them, inverse PCA: digit-like samples, but blurry,
and the recipe does not scale.

NEXT: IMAGES

PCA squeezed each image along straight lines. Next,
learn the squeeze with a network: encode each image
into a few numbers and rebuild it. That is the
autoencoder.

Part 3 returns to this probabilistic story, with a code 
in place of the coin.

z

x z

p(z ∣ x)

z
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PA R T 2  O F  7

From PCA to the autoencoder
Part 1 ended with PCA: squeeze an image to a few numbers
along straight lines, then rebuild it. An autoencoder learns the
squeeze with a network instead, so it can bend. First, the bridge:
PCA is already one.

✓ Distributions and fitting

2 Autoencoders

3 The probabilistic view

4 KL divergence

5 Variational inference and the ELBO

6 Reparameterisation

7 The VAE on MNIST
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T H E  B R I D G E  F R O M  PA R T 1

PCA was an autoencoder all along

PCA

encoder

z = V (x −⊤ )x̄

0.3

−1.2

...

0.8

 numbersd = 16

decoder

=x̂ +x̄ V z

one SVD, exact
error 21.1

autoencoder

encoder

layers + ReLU

0.3

−1.2

...

0.8

 numbersd = 16

decoder

layers + ReLU

gradient descent
error 7.6

Both learn by making  small, summed over the 784 pixels. PCA is the best straight-line answer.∥x − ∥x̂ 2
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T R A I N  T H E  ST R A I G H T- L I N E  V E R S I O N  B Y G R A D I E N T D E S C E N T

A linear autoencoder rediscovers PCA

Gradient descent finds exactly PCA's error and PCA's directions. Only the individual vectors may
differ: any rotation of the same directions rebuilds just as well.

enc = nn.Linear(784, d)       # no activation
dec = nn.Linear(d, 784)

x_hat = dec(enc(x))
loss = ((x_hat - x)**2).sum(1).mean()

PCA, one SVD linear AE, Adam same directions?

2 43.6 43.6 1.0

16 21.1 21.1 1.0

error: squared error per test image, summed over 784 grey pixels · last
column: 1 means the decoder spans exactly PCA's directions

d
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N O W  L E T I T  B E N D

Same 2 numbers, add layers and ReLUs

With only 2 numbers, the straight-line squeeze keeps a blurry average; the bendy one keeps
which digit it was. Same idea, more flexible maps.

rows: test digits · PCA · linear autoencoder · MLP autoencoder, each squeezing to 2 numbers

error

PCA 43.6 21.1

linear AE 43.6 21.1

MLP AE 29.3 7.6

d = 2 d = 16
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W H AT T H E  2  N U M B E R S  LO O K  L I K E

Straight-line codes overlap; learned codes pull digits apart

5,000 test digits, coloured by label (neither model saw labels). The autoencoder's squeeze bends
to keep different digits apart.
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S Q U E E Z E ,  T H E N  R E B U I L D

An autoencoder on our 3

No labels needed: the image is its own target. The 2 numbers in the middle are all the decoder
gets.

: 28 × 28 = 784 pixelsx

encoder
784 → 512 → 256 → 2

0.3

1.2

z

the code:
2 numbers

decoder
2 → 256 → 512 → 784

: the reconstructionx̂

loss: how badly does  match , pixel by pixel?x̂ x
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C O M PA R I N G  T H E  R E B U I L D  W I T H  T H E  O R I G I N A L

Binary cross-entropy, one pixel at a time

Pixels are 0 or 1 here (we binarise MNIST). Later we will see this is exactly a log-likelihood.

pixel true value predicted loss

ink, predicted well 1 0.90

paper, predicted well 0 0.10

ink, missed 1 0.20

loss(x, ) =x̂ − [x ​ log ​ +
i=1

∑
784

i x̂i (1 − x ​) log(1 −i ​) ]x̂i

− log 0.90 = 0.11

− log 0.90 = 0.11

− log 0.20 = 1.61
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T H E  A U TO E N C O D E R  I N  PY TO R C H

Two small networks and one loss

encoder = nn.Sequential(nn.Flatten(),
    nn.Linear(784, 512), nn.ReLU(),
    nn.Linear(512, 256), nn.ReLU(), nn.Linear(256, d))
decoder = nn.Sequential(nn.Linear(d, 256), nn.ReLU(),
    nn.Linear(256, 512), nn.ReLU(), nn.Linear(512, 784))

z      = encoder(x)                    # [B, d]   the code
logits = decoder(z)                    # [B, 784] one per pixel
loss = F.binary_cross_entropy_with_logits(
          logits, x.flatten(1), reduction="none").sum(1).mean()

Loss: binary cross-entropy summed over the
784 pixels of each image, then averaged
over the batch. Train with the same three-line
update as the bumps.
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T R A I N E D  O N  6 0 , 0 0 0  D I G I T S

It reconstructs very well

784 pixels squeezed into 16 numbers and back. Average loss 44.9 nats per image. Can we now
make new digits?

top: test digits it never saw bottom: decoded from a 16-number code
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H O W  N A R R O W  C A N  T H E  M I D D L E  B E ?

2 numbers or 16 numbers per image

Each pair of rows: test digits on top, reconstructions below. Two numbers keep the digit's identity;
sixteen also keep its slant and stroke.

a 2-number code · loss 128.1 nats per image

a 16-number code · loss 44.9 nats per image
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T H E  E N C O D E R  A N D  D E C O D E R  C A N  B E  A N Y N E T W O R K

MLP, CNN or ViT: three ways to squeeze

An autoencoder is a recipe, not an architecture: anything that maps 784 numbers to 16 and back,
and can be trained.

MLP

784 512 256 16
every pixel feeds every unit

1.08 million parameters

CNN

32 maps of 14 × 14
64 of 7 × 7

16
small filters slide over the image

170 thousand parameters

ViT

16 tokens

attention
× 3 layers

average

16
patches become tokens that attend to each other

228 thousand parameters
Same 16-number code, same squared-error loss. Each decoder mirrors its encoder back to 28 × 28.
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I N  PY TO R C H

Only the encoder changes; the training loop does not

MLP

enc = nn.Sequential(
  nn.Flatten(),
  nn.Linear(784, 512), nn.ReLU(),
  nn.Linear(512, 256), nn.ReLU(),
  nn.Linear(256, 16))

CNN

enc = nn.Sequential(
  nn.Conv2d(1, 32, 4, 2, 1), nn.ReLU(),  # 14x14
  nn.Conv2d(32, 64, 4, 2, 1), nn.ReLU(), # 7x7
  nn.Flatten(),
  nn.Linear(64*7*7, 16))

ViT

t = embed(patches(x)) + pos  # [B,16,64]
t = transformer(t)          # 3 layers
z = to_code(t.mean(1))       # [B,16]

x_hat = dec(enc(x))                       # the same for all three
loss = ((x_hat - x)**2).sum(1).mean()
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S A M E  DATA ,  S A M E  LO S S ,  S A M E  1 6  N U M B E R S

How the three compare on MNIST

Lowest error: the CNN (7.3), with 6× fewer parameters than the MLP. Networks built for images
use the pixel layout; the MLP has to learn it.

rows: test digits · MLP · CNN · ViT, each through 16 numbers

parameters test error training

MLP 1,075,488 7.6 9.0 s

CNN 170,193 7.3 23.0 s

ViT 227,713 8.6 65.0 s

PCA 13,328 21.1 one SVD
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O N E  I D E A ,  S E V E R A L VA R I AT I O N S

The autoencoder family

The first four change the loss or the input. The last one changes what a code is, and it is where
today is going.

variant what changes what it encourages

plain nothing: compress, rebuild a short code that keeps what matters

denoising corrupt the input, rebuild the clean image features that ignore noise

sparse penalty: only a few code units may be on each unit means one part of a digit

contractive penalty: the code barely moves when the input moves a little smooth, robust codes

variational each image becomes a cloud of codes near a code space you can sample fromN (0, I)

Following Lilian Weng, "From Autoencoder to Beta-VAE" (2018) 66



VA R I A N T 1  ·  D E N O I S I N G  A U TO E N C O D E R

Feed it a damaged image, ask for the clean one

The plain autoencoder copies the noise. Trained to undo damage, the code must hold the digit,
not the specks.

input: 20% of pixels flipped

plain autoencoder

denoising autoencoder

the clean original

noisy = flip_pixels(x, rate=0.2)                   # the only new line
loss  = bce_with_logits(decoder(encoder(noisy)), x)  # target: the CLEAN x
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VA R I A N T 2  ·  S PA R S E  A U TO E N C O D E R

A wide code, but only a few units allowed on

The 64-number code of our 3. Averaged over test digits: 34.9 units on without the penalty, 8.8
with it.

loss = reconstruction + λ ​ ∣h ​∣, h =∑j=1
64

j ReLU(encoder(x))
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VA R I A N T 3  ·  C O N T R AC T I V E  A U TO E N C O D E R  ( N OT T R A I N E D  H E R E )

Nudge the input; the code should barely move

Read the penalty
for every code unit  and every pixel : how much
does  change if  changes a little? Add up the
squares.

What it buys
two slightly different 3s get almost the same code.
Nearby inputs, nearby codes: a first step towards a
smooth code space.

loss = reconstruction + λ ​ ​ ​ ​ =
∂x
∂h

F

2
reconstruction + λ ​ ( ​ )

j,i

∑
∂x ​i

∂h ​j
2

h ​j x ​i

h ​j x ​i
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W H AT A U TO E N C O D E R S  A R E  U S E D  F O R

Compress, clean, search, and spot the odd one out

Useful, all of it. But none of it generates a new image. Can the decoder do that on its own?

Compress: 784 pixels → 16 numbers, 49× fewer.

Clean: the denoising slide.

Search: similar images have nearby codes, so
search the codes.

Spot anomalies: an image the model has never
seen anything like gets a large reconstruction
error.

top: typical test digits, loss ≈
40.5

bottom: the 8 worst of 10,000, loss up to
218.0
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PA R T 2 ,  S E C O N D  H A L F

Can an autoencoder generate?
The decoder turns codes into digits. If we pick a code ourselves, do
we get a new digit?
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T H E  O B V I O U S  I D E A

Keep the decoder, feed it a random code

The decoder turns codes into digits. So a random code should give a random digit. Right?

encoder

throw the encoder away

z ∼ N (0, I)
pick a random code

decoder
same weights as before ?

a new digit?
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W H AT I S  A  " R A N D O M  C O D E " ?

: two independent bell curves

Why this choice? It is the simplest distribution we can sample from. The decoder, though, was
never told about it.

z ∼ N (0, I)

Draw  from a standard bell curve : mean 0,
spread 1. Draw  the same way, independently.

Together that is written : the 0 says the centre
is ; the I (identity matrix) says each number has
spread 1 and the two do not depend on each other.

500 draws, plotted: most land within 2 of the origin,
almost none beyond 3.

z ​1 N (0, 1)
z ​2

N (0, I)
(0, 0)
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W H AT AC T U A L LY C O M E S  O U T

Random codes give scribbles

The decoder only ever saw codes made by the encoder. Where do those codes live?

ten codes drawn from  in 16 dimensions, through the trained decoderN (0, I)
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LO O K  I N S I D E  ( 2 - N U M B E R  V E R S I O N )

Where 5,000 test digits land

The code space has an arbitrary shape, scale and position.

Each dot is one test digit's code, coloured by
its true label. The star is our 3.

Same digits cluster together. Nobody asked for
that; it just helps reconstruction.

Look at the axes:  runs from −18.5 to 40.4, 
from −19.7 to 19.4. Nothing made the codes
stay near the origin.

z ​1 z ​2
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O V E R L AY R A N D O M  C O D E S

Random draws all land in one small spot

To sample, we need to know where the codes are, and every point there must decode to
something sensible.

Now add 150 random codes from  (black
×), the kind we fed the decoder two slides ago.
Dashed circles: radius 1 and 2. On this map they
all fall into one small crowded patch (zoomed,
bottom right).

ten of them decoded: some digits, some smudges

And we can never generate a 1: the 1s live near
.

N (0, I)

z ​ ≈1 20
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T R Y I T:  T H E  T R A I N E D  A U TO E N C O D E R ,  I N  YO U R  B R O W S E R

Pick a code, any code, and decode it

A real digit's code decodes well. A random code usually gives a smudge: the decoder only
learned the dotted regions.
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PA R T 1 ' S  TO O L ,  O N  T H E  A U TO E N C O D E R ' S  C O D E S

Fit bumps to where the codes actually are

Bolting a density onto the codes works, and a better squeeze gives better samples. The VAE goes
one step further: it shapes the codes during training, so that  itself is the right density.

random codes from , decoded by a 16-number autoencoder

50 Gaussian bumps fitted to PCA's 16 numbers, sampled, inverse PCA

50 Gaussian bumps fitted to the autoencoder's 16 numbers, sampled, decoded

N (0, I)

N (0, I)
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W H AT W E  W A N T I N ST E A D

Encode to a cloud, not a point

Known: pull every cloud towards , so
random draws land on real codes.

Smooth: every point in a cloud must decode to
that image, so neighbourhoods are meaningful.

autoencoder: each image → one point

code of the 3

code of the 7

a random code
decodes to ... ?

training only ever used the two purple points

VAE: each image → a small cloud

training: every code in the 3's cloud must decode back to the 3

N (0, I)
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A P R E V I E W  O F  W H E R E  W E  A R E  G O I N G

The same plot for a VAE

To get here: make the model probabilistic (Part 3), measure how close two distributions are (Part
4), and derive the loss (Part 5).

Same data, same 2-number code, same random draws. Now the codes
sit inside .

the same kind of random codes, decoded

N (0, I)
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E N D  O F  PA R T 2

What we did, and what comes next

WHAT WE DID

1. An encoder squeezes an image into a short code; a
decoder rebuilds it. The image is its own target.

2. Random codes from  decode to scribbles.

3. The codes spread over an arbitrary range, and the
decoder never saw the space between them.

4. Variants change the input (denoising) or add a
penalty (sparse, contractive).

5. The wish: encode each image to a cloud, and keep
every cloud near .

NEXT: THE PROBABILISTIC VIEW

Turn the decoder into a probability model with a prior
over codes, and ask what it would take to train it by
maximum likelihood, as in Part 1.N (0, I)

N (0, I)
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PA R T 3  O F  7

The probabilistic view: a
decoder is a likelihood
The autoencoder could not generate because nothing said
where codes live. Part 1 had exactly what is missing: a prior over
the hidden choice. Put Part 1's story and Part 2's decoder
together.

✓ Distributions and fitting

✓ Autoencoders

3 The probabilistic view

4 KL divergence

5 Variational inference and the ELBO

6 Reparameterisation

7 The VAE on MNIST
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F R O M  A C O I N  TO  A C O D E

Same story, bigger pieces

Next three slides: generate one image this way, one step at a time.

two bumps (so far) images (from now on)

hidden a coin: A or B 2 real numbers , drawn from 

a bump at  or a neural network, the decoder, with weights 

observed one number 784 pixels, each ink (1) or paper (0)

sum over 2 terms every point in a plane: infinitely many

z (z ​, z ​)1 2 N (0, I)

p(x ∣ z) −2 +2 θ

x

z
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G E N E R AT I N G  A N  I M AG E  ·  ST E P  1  O F  3

Draw a code

On its own,  means nothing. The decoder will give it meaning.

Two numbers, each from a standard bell curve: like
flipping the coin, but the "coin" can land anywhere
in the plane.

This draw: .

z ∼ N (0, I)

z = (−0.18,  −1.5)

z
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G E N E R AT I N G  A N  I M AG E  ·  ST E P  2  O F  3

Decode it into 784 pixel probabilities

 is the probability that pixel  is ink. Dark grey = probably ink; white = probably paper.

−0.18

−1.50

z

decoder
weights θ

π = sigmoid(decoder ​(z))θ

each  is between 0 and 1π ​i

 = probability thatπ ​i

pixel  is inki

π ​i i
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G E N E R AT I N G  A N  I M AG E  ·  ST E P  3  O F  3

Flip one coin per pixel

That is a generated image. In practice we usually display  itself, because it looks cleaner.

probabilities 

→

one sample 

Each pixel independently: ink with
probability .

π x

x ​ ∼i Bernoulli(π ​)i

π ​i

π
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T H E  S A M E  T W O  ST E P S  A S  B E F O R E

Generating is easy. Learning is the catch.

The rest of this part: why this integral is so hard, and the three ways people get around it.

Generate ✓
draw , decode, flip pixels. Three slides,
done.

Learn ?
choose the decoder's weights  to make the
training images probable:

the two-bump sum, now over every code in the
plane.

z ∼ N (0, I) θ

p ​(x) =θ p(z) p ​(x ∣∫ θ z) dz
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T H E  M O D E L ,  A S  A  P I C T U R E

Two arrows: generate down, infer up

p(z) = N (0, I) z

hidden code

x

observed image (shaded)

p ​(x ∣θ z)

decoder: generate

p ​(z ∣θ x)

infer: which  made this ? Bayes, but it divides by  (dashed: out of reach)z x p ​(x)θ

p ​(x, z) =θ p(z) p ​(x ∣θ z)
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M A X I M U M  L I K E L I H O O D  F O R  O U R  3

How probable is our 3 under the model?

With the coin we summed over two values:

A code can be any point in the plane, so the sum becomes
an integral:

2 numbers per code, so we can afford a 901 × 901 grid of
decoder calls:  nats.

p(x) = ​p(z) p(x ∣
z∈{A,B}

∑ z)

p ​(x) =θ p(z) p ​(x ∣∫ θ z) dz

log p ​(x) =θ −128.7
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W H Y N OT J U ST C O M P U T E  ?

The integral is intractable

And we need  for every image, at every training step.

p ​(x )θ

No formula. With two bumps,  was a sum of 2 terms.
Here it is  with a neural network inside:
no algebra gives the answer.

Too many terms to add up. Put a grid of 901 points on
every axis of the code and add up the decoder's answers:

"Intractable" means exactly this: no formula, and far too
many terms to sum.

numbers in decoder calls

1 901

2 (our 3)  · a second

4  · a week

8

16

p(x)
p(z) p ​(x ∣∫ θ z) dz

z

8.1 × 105

6.6 × 1011

4.3 × 1023

1.9 × 1047

p ​(x)θ
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I D E A :  E ST I M AT E  T H E  I N T E G R A L B Y S A M P L I N G

Random codes almost never hit the right patch

A typical random code makes our 3 about  times less probable than the best code. Blind
sampling wastes almost every draw.

100,000
random codes 

0.07%
land within 2 widths of
our 3's patch

−363.9
median  of a
random code

−121.0
the best of the 100,000:

p ​(x) =θ ​ ≈

the average over codes from the prior

​E ​[ p ​(x ∣ z) ]z∼p(z) θ ​ ​p ​(x ∣
S

1

s=1

∑
S

θ z ​)s

z ​ ∼s

N (0, I)
log p(x ∣ z)

log p(x ∣ z)

e243
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I N F E R E N C E ,  L I K E  T H E  C O I N  A N D  T H E  B U M P S

The backwards step: which codes could have made our 3?

Training needs this patch for every image. Next: three ways to approximate a posterior we cannot
compute.

Part 1's Bayes table, with a plane of codes instead of two bumps:

The bottom is the evidence: the same impossible integral. So the
posterior is out of reach too.

From the 2-number grid we can still look at it: a small, slightly tilted
patch near , about 0.05 wide. The prior is 1 wide: one
image pins its code down tightly.

p ​(z ∣θ x) = ​

​p ​(x)θ

p(z) p ​(x ∣ z)θ

(0.25,  −1.88)
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W H E N  T H E  P O ST E R I O R  C A N N OT B E  C O M P U T E D,  A P P R OX I M AT E  I T

Three ways, all run on our 3's real posterior

Today: only the variational one. It turns inference into optimisation, which is what neural networks
are good at.

Laplace: find the peak, fit a Gaussian
to the curvature there. Fast, local.

MCMC: a random walk that visits
regions in proportion to the posterior.
Exact in the long run, slow.

Variational: choose a simple family 
and optimise it to be as close as
possible. Fast, trainable.

q
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T H E  VA R I AT I O N A L I D E A ,  F O R  O U R  3

Propose a simple , then pull it towards the true posterior

That number is the KL divergence: the first thing in Session 2.

q

Four numbers to choose: a centre  and two widths .

Goal: make  as close as possible to , the shaded patch.

"As close as possible" needs a number for how far apart two distributions
are.

q(z) = N (m,  diag(s ​, s ​))1
2

2
2

m = (m ​,m ​)1 2 s ​, s ​1 2

q(z) p ​(z ∣θ x)
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E N D  O F  PA R T 3  ·  E N D  O F  S E S S I O N  1

What we did, and what comes next

WHAT WE DID

1. Learn = make the data probable; generate = sample.
Code: one loop.

2. Autoencoders compress and rebuild (plain,
denoising, sparse, contractive), but cannot generate.

3. As a probability model: prior ,
likelihood  from the decoder.

4. Training needs  and the posterior :
both intractable.

5. Variational idea: a simple , pulled close to the
posterior.

SESSION 2

A distance between distributions (KL), the loss that
pulls  close without ever computing  (the
ELBO), gradients through random draws, and the VAE
on MNIST.

p(z) = N (0, I)
p ​(x ∣θ z)

p ​(x)θ p ​(z ∣θ x)

q

q p ​(x)θ
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