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KKT Conditions

Used for constrained optimization of the form

Minimize f(x), where x € R¥
such that
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Step 1

- Create a new function for minimization,

m n
LOGAL o Ay - i) = FOO 4+ 3 i3 + 3 pig(x)
i=1 j=1

where,

A1 — Am are multipliers for the m equalities
w1 — pn are multiplices for the n inequalities
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Step 2

« Minimize L(x, A\, u) w.rt. x = VxL(x,A\,u) =0
Gives k equations
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Step 3

« Minimize L(x, A\, ) w.rt. A = V,L(x, A\, u) =0
Gives m equations
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Step 4

In both cases, p;gi(x*) =0
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Step 4

gj(x¥) <0

Minima for f(x)

Contour of f(x)
gi(x*) <0
pi =0

In both cases, ;igi(x*) =0
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Step 4

gj(x¥) <0

Minima for f(x)

Contour of f(x)
gi(x*) <0
pi =0

9; (x*) <0

9 (x)=0

x*
Minima for f(x)

Contour of f(x)

gi(x*) =0

In both cases, ;igi(x*) =0
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Constraint on y;'s

Contour of f(x)

minyL (X, A\, 1) = Vxf(X) + Vxpigi(x) = 0

Vxf(x)

= —— = +4Vve
vxﬂigi(x)

Hi
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KKT Conditions

Statlonarlty (For m|n|m|zat|on)
fo( )+ va)\h( )"' valulgl( )_O

i=1 i=1
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KKT Conditions

Statlonarlty (For m|n|m|zat|on)
Vxf(x )+va”’( )+vau191( )=0

i=1 i=1

Equality Constraints
m n
Vaf(X) + 32 VaAihi(x) + - Vagi(x) = 0

i=1 i=1

i VaAhi(x) =

i=1
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KKT Conditions

Stationarity (For minimization)
m n

Vxf(X) + 32 VxAihi(X) + > Vxuigi(x) = 0
i=1 i=1

Equality Constraints
m n

VAf(X) + 32 Vadihi(X) + > Vapgi(x) = 0
i=1 i=1

m

Z V)\)\,'h,'(X) =0

i=1

Inequality Constraints (Complementary Slackness)
uigi(x) =0vi=1,...,n
pi >0
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Example

Minimize x2 + y? such that,
x2+y?<5
X+2y=4
X,y >0
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Example

fix,y) =x*+y?
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Example

fx,y) = x> +y?
hix,y)=x+2y—4
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Example

fx,y) =x*+y?
h(x,y) =x+2y—4
g1(X,y) =x*+y*—5
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Example

flx,y) = x>+ y?
h(x,y)=x+2y—4
gi(x,y)=x>+y*—5
gZ(va) = —X
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Example

fx.y) =x*+y?
h(x,y) =x+2y—4
gi(x,y)=x*+y* -5
gz(xvy) =—X
g3(Xay) =—-y
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Example

fx,y)=x*+y?
h(x,y)=x+2y—4
gi1(x,y) =x*+y*—5
92(X7)/) =—X
g3(X7y) ==Yy

L(Xv Y, A7H17M27M3) =
X2y AX+2Y —4) + (X2 + Y2 = 5) + pa(—X) + ps(—Y)
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Example

Stationarity

VXL(vaa )‘711’17#2’/"3) =0
= 22X+ AF2mX— o =0......co . (1)

VyL(y, A, p2, pi3) = 0
= 2V F 20+ 2y —p3 =0 (2)

n/12



Example

Stationarity

VXL(vaa )‘7#’17/‘2’“3) =0
= 2X+A+2mX —po=0....... ... (1)

V)/L(X>Y7)\7M1,,U2,,u3) =0

= 2V 2 +2my —pu3 =0 (2)
Equality Constraint
X422y =4, (3)
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Example

Stationarity

VXL(vaa )\7”17”27u3) =0
= 2X+A+2mX —pa=0.................. (1)

VyL(Xay,)\,Ml,uz,ug) =0

= 2V 2 +2myY —pu3=0.... oo (2)
Equality Constraint

X422y =4, (3)
Slackness

Pi(X2 Y2 —=5) =0 (4)
PaX =0 (5)
B3y = O (6)
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Example

From (6), uz3 =0ory =0
But if, y = 0, then x = 4 according to (3) . This violates (1).
Hence,y #0and u3 =0
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Example

From (6), us =0o0ory =0
But if, y = 0, then x = 4 according to (3) . This violates (1).
Hence, y # 0 and u3 =0

From (5), u1 =00rx =0

If x =0, y = 2, which implies x2 + y? = 4(< 5)

Since (x,y) = (0,2) gives smaller x> 4 y? terms than 5,
Using (4), u1 =0
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Example

From (6), u3 =0o0ry =0
But if, y = 0, then x = 4 according to (3) . This violates (1).
Hence,y #0and u3 =0

From (5), uy1 =0orx =0

If x =0, y = 2, which implies x? 4 y? = 4(< 5)

Since (x,y) = (0,2) gives smaller x> 4 y? terms than 5,
Using (4), p1 =0

On further solving we get,

xX=0.8
y=1.6
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