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Detour: Inverse of partioned symmetric matrix

Consider an n x n symmetric matrix A and divide it into

four blocks
A— All A12:| _ [All A12:|
Az A Al, Agp
For example, let n = 3, we have
1 2 3
A= {2 5 6]
3 6 8

We could for example have

1 2 3
All = |:2 5:| and A12 = |:6:| and A22 = [8]

'Courtesy: http://fourier.eng.hmc.edu/el6l/lectures/
gaussianprocess/node6.html
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Detour: Inverse of partioned symmetric matrix

Ques’gon: \éVrite B = A~!in terms of the four blocks
_|bn 12| aA-1

5= Bl, Asnl| A

A1 and By; € RP>P

Ags and By € Ra*a

A, = Al and By, = B], € RPx4

and,p+qg=n
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Detour: Inverse of partioned symmetric matrix

I, =AA-! = AB

B [An A12:| [511 812] B
N AIQ A22 B{Q 822 N

[A11B11 +ABl, A11Bis +A12A22] N |:Ip 0}
Al,Bi1 +AxnBl, AlLBis+AwBym| |0 g
Thus, we have

A11Bi +ApBl, = lp
A11B12 + A1pAgy = 0P
ALBH +A225-1,-2 = 09xP

AlBio + AxBoy = Ig
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Detour: Inverse of partioned symmetric matrix

Moving the expressions around we get the following
results.

Bii = (A1 — AAy Aly) T = Al + A Ara(Ag — ALA Ar) AT
822 - (A22 - AIQA1_11A12)71 = A2_21 +A2_21AI2(A11 — A12A2_21Az-2)71A1:
Bl, = —A Al (A1 — ApA Al

Bl, = —A'AL(Axn — ALATAR) ™
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Determinant of Partitioned Symmetric Matrix

Theorem: Determinant of a partitioned symmetric matrix
can be written as follows

All A12

A =
Al ‘ [A21 Am]
= |A11||Az — ALAT A
= |Agp||A11 — AAL AL
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Determinant of Partitioned Symmetric Matrix

Proof: Note that

A _ |:A11 A12:| _ |:A11 0:| |:I AI11A12
Az A A1Tg [} 10 A —A1T2A1_11A12
_ I Al A1l — A12A521A{2 0
0 A Ay Asy /

The theorem is proved as we also know that

AB| = A/IB]
and 5
0 B C
]C DHO D]—|Br D|
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Marginalisation and Conditional of multivariate
normal?

Assume an n-dimensional random vector

X = [Xl XQ}
has a normal distribution N(x, u, ¥) with

o Y1 Y2
= and ¥ =
: LJ [221 222]

where x; and x, are two subvectors of respective
dimensions p and q with p + g = n. Note that ¥ = =7, and
Yo1 = X,

2Courtesy: http://fourier.eng.hmc.edu/el6l/lectures/
gaussianprocess/node7.html.
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Marginalisation and Conditional of multivariate
normal

Theorem:

part a: The marginal distributions of x; and x, are also
normal with mean vector p; and covariance matrix X
(i=1,2), respectively.

part b: The conditional distribution of x; given x; is also
normal with mean vector

9/17



Marginalisation and Conditional of multivariate
normal

Proof:
The joint density of x is:

o) = 1, 3) = expl—5Qlxi, )]

where Q is defined as
Q(x1,x%x2) = (x — M)Tz_l(x — )
Yl y12] [y,
B B T B T 1 M1
= [(x1 — )", (x2 — p2) "] [221 222} [Xz —MJ

= (x1 — 1) TS (31 — 1) + 2031 — p1) TE2 (x2 — o) + (x2 — o) T+

022 (x9 — pa9)
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Marginalisation and Conditional of multivariate
normal

Here we have assumed

w1 _ | Zun X _1_ nit iz
- 221 222 - 221 222

According to inverse of a partitioned symmetric matrix
we have,

1 -1

»i = (211 - 21222_21212) =35 + 205 (Zm - AIQELEH)
1 —1

222 = (222 — EIzzfllle) = 2521 + 25212I2 (Ell o 21225212I2>

_ _ -1 T
P =-S5 (Ezz - 2122111212) = (=*)
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Marginalisation and Conditional of multivariate
normal

Substituting the second expression for $!!, first
expression for ¥%2, and ©!2? into Q(x1, x2) to get:

-1
Q (x1,%2) = (x1 — NI)T {21_11 + 21_11212 (222 - A1TQEI11212) 21T221_11
T |[v—1 T v—1 -1
—2(x1 — 1) Y7 Yo (Y2 — Moy X2 (x2 — po)
-1
+(x2 — p2)' [(222 - E1T221711212) ] (x2 — p2)

T o
=(x1—p1)" B7 (x1 — 1)

-1
+(x1— ) S (222 - A17221—11212> 21221_11] (x1

T |v—1 T v—1 -1
—2(x1 — ) Yq Yo (Y2 — XXy Y2 (x2 — po)
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Marginalisation and Conditional of multivariate
normal

T ——
= (x1 — 1) E111
T y—1 T T y—1 !
+ | (x2 = p2) = Bpp¥y (%1 — Ml)} (222 — XXy E12) {(Xz —
The last equal sign is due to the following equations for

any vectors u and v and a symmetric matrix A = A':

uTAu —2uTAv + vIAv = uTAu — uTAv — uTAv 4+ vT Av
=uTA(U—-v)— (u—V)TAVv=u"A(u—Vv) — VI A(u—V)
—u—-VTAU=-Vv)=(v—u)TA(v—-u)
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Marginalisation and Conditional of multivariate
normal

We define b £ s + L5 0 (x1 — 1)
A2, —nlnn,
and

Qr(x1) 2 (x1— ) ST (= ) .
Qs (x1,%2) 2 [(x2 — p2) = B2 (1 — )] (D22 — BHE Bi2)
= (x3—b)TA 1 (xa— b)

and get
Q (x1,%2) = Q1 (x1) + Q2 (x1,%2)
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Marginalisation and Conditional of multivariate
normal

Now the joint distribution can be written as:

f(x) =f(x1,x2) = (271_)”/12|E|1/26Xp [—;Q (X]_,XQ):|

1

1
= exp [—Q (Xl,XQ):|
_ 1/2
2m)/2 [S14 [V | Sag — ST, 57 S10] Y 2

1 1 T¢-1
(27r)p/2 ’211’1/2 exp [—2 (x1—p1) Bpp (x1 — ,Ul)]

- N(X]_,Ml,El]_)N(XQ,b,A)

1
(2m)ar2|AJ!

The third equal sign is due to Determinant of a
partitioned symmetric matrix:
] = 20| [Z22 — TLE Tz
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Marginalisation and Conditional of multivariate
normal

The marginal distribution of x; is

fi(x1) = /f(x1,x2)dx2 = (27r)P/?1\211|1/2 exp [—; (x1— p1)" 55 G

and the conditional distribution of x, given x; is

Fan baber) = fS’X(ZSQ) N (27r)q/12|A|1/2 P [_; (x2 = b)TA™ (xa —
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Marginalisation and Conditional of multivariate
normal

with

b= ps+ELE (xi — )
A=34 —2L5T 5,
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