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Definition

- Convexity is defined on an interval [«, 3]

Line segment joining 'a’ and 'b*

\
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Definition

- Convexity is defined on an interval [«, 3]

- The line segment joining (a,f(a)) and (b, f(b)) should
be above or on the function f for all points in interval

[, B].

\
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Example: y = x?

Convex on the entire real line i.e. (—oo, 00)
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Example: y = ||

Convex on the entire real line i.e. (—oo, 00)
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Example: y = e

Convex on the entire real line i.e. (—oo, 00)
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Example: y = InXx

Not convex on the entire real line i.e. (—oo, 00)

6/17



Example: y = x3

It is convex for the interval [0, c0)
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Example: y = x3

It is concave for the interval (—oo, 0]
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Example: y = x3

But, it is not convex for the interval (—oo, o)

204
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Mathematical Formulation

Function f is convex on set X, if Vx;, X2 € X and Vt € [0, 1]
fltxy + (1 = t)x2) < tf(x1) + (1 — t)f(x2)

tf(x) + (1-9f(x,)

(X, f(x2))

f(tx1+ (1-t)x2)

10/17



Question: Prove that f(x) = x* is convex
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Question: Prove that f(x) = x* is convex

To prove:
ftxy + (1 = t)x2) < tf(x1) + (1 = t)f(x2)
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Question: Prove that f(x) = x* is convex

To prove:

fltxa + (1 —t)x2) < tf(x1) + (1 — t)f(x2)
LHS = f(tx1 + (1 —t)xa) = 2x3 + (1 — t)2x3 + 2t(1 — t)x1 X2
RHS = tf(x1) + (1 — t)f(x2) = tx3 + (1 — t)x3
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Question: Prove that f(x) = x* is convex

To prove:

ftx1 + (1 —t)x2) < tf(x1) + (1 - t)f(x2)
LHS = f(tx1 + (1 — t)xa) = 2x3 + (1 — t)2x3 + 2t(1 — t)X1 X2
RHS = tf(x1) + (1 — t)f(x2) = tx3 + (1 — t)x3

Here,

LHS - RHS = (2 — t)x? + [(1 — t)2 — (1 — t)]x3 + 2t(1 — t)X1 X2
= (2 — X3 + (2 — t)x3 — 2(t2 — t)x1x2

(t2 — t)(Xl — X2)2
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Question: Prove that f(x) = x* is convex

To prove:

fltxy + (1 = t)x2) < tf(x1) + (1 — B)f(x2)
LHS = f(tx1 + (1 —t)xa) = 12x2 + (1 — t)2x3 + 2t(1 — t)X1 X2
RHS = tf(x1) + (1 — t)f(x2) = tx3 + (1 — t)x3

Here,

LHS - RHS = (2 — t)x? + [(1 — t)% — (1 — t)]x3 + 2t(1 — t)X1 X2
= (2 — t)x % + (t2 — X3 — 2(t2 — t)X1 X2
= (2 = 1) (X1 — X2)?

Here, (t2 —t) < 0sincet e [0,1] and (x; — X2)? >0

Hence, LHS -RHS < 0

Hence LHS < RHS
Hence proved.
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Alternative ways to prove convexity

The Double-Derivative Test
If f"(x) > O, the function is convex.
For example,

2 (y2 . .
% =2> 0= x? is a convex function.
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Alternative ways to prove convexity

The double derivative test for multi-parameter function is

equal to using the Hessian Matrix

A function f(xy, X2, ..., Xpn) is convex iff its n x n Hessian
Matrix is positive semidefinite for all possible values of

(X1,X2,...,Xn)
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Alternative ways to prove convexity

Show that f(x1,x2) = X2 + X3 is convex.

15/17



Alternative ways to prove convexity

Show that f(x1,x2) = x3 + X3 is convex.

ox3 OX10X2
P(xP+x3)  92(xF+x3)
OX20X1 6x§

O2(x3+x3)  0%(x3+x3)
H —

-5 2
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Alternative ways to prove convexity

Show that f(x1, X2) = x? + X3 is convex.

1 —=
D*0E+x3)  P(x3+x3) 0 2
OX20X1 8X%

0%(x2+x3)  0%(x2+x3)
H=— ox2 0X10X2 o I:Z 0:|

Eigenvalues of Hare 2 and 2 > 0 = H is positive
semidefinite.
Hence, f(x1,x2) = x2 + X3 is convex.
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Convexity of linear least squares

Prove the convexity of linear least squares i.e.
1(6) = lly — X6||?

16/17



Convexity of linear least squares

Prove the convexity of linear least squares i.e.
1(6) = lly — Xo||?

We will use the double derivative (Hessian)
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Convexity of linear least squares

Prove the convexity of linear least squares i.e.
f(6) = lly — X6||?

We will use the double derivative (Hessian)

d d(|ly||>—2y"X6+||X6])?
o _ A2y XO+IXOIT) _ _oyTX 4 2(X6)TX
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Convexity of linear least squares

Prove the convexity of linear least squares i.e.
1(6) = lly — Xo||?

We will use the double derivative (Hessian)

df _ d(llyll>~2y"X6+|X6|*)
- dae

= —2y'X +2(X0)'X

Q|
s

9 —H=2X"X
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Convexity of linear least squares

Prove the convexity of linear least squares i.e.
f(6) = lly — Xo|[?

We will use the double derivative (Hessian)

d 2_ oy 2
% _ d(lyll 2yd)0(0+HX6H ) _ —2yTX—|—2(X0)TX

d’f 1 T
W—H—2XX

XTX is positive semidefinite for any X € R™*",
Hence, linear least squares function is convex.
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Properties of Convex Functions

- If f(x) is convex, then kf(x) is also convex, for some
constant k
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Properties of Convex Functions

- If f(x) is convex, then kf(x) is also convex, for some
constant k

- If f(x) and g(x) are convex, then f(x) + g(x) is also
convex.
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Properties of Convex Functions

- If f(x) is convex, then kf(x) is also convex, for some
constant k

- If f(x) and g(x) are convex, then f(x) + g(x) is also
convex.

Using this we can say that:

- (y —X0)(y — X0) + 676 is convex
- (y —X0)T(y — X0) +|0|], is convex

17117



