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Distance between 2 parallel hyperplanes

Equation of two planes is:
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Distance between 2 parallel hyperplanes

Equation of two planes is:
w-X+b =0
w-X+b=0

For a point x; on plane 1 and x5 on plane 2, we have:
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Distance between 2 parallel hyperplanes

Equation of two planes is:
w-X+b =0
w-X+b=0

For a point x; on plane 1 and x5 on plane 2, we have:
X3 =X + tw
D = |tw| = [¢l[|w]|

We can rewrite as follows:
w-Xp+ b, =0
=w-(X1+tw)+by=0



Distance between 2 parallel hyperplanes

Equation of two planes is:
w-X+b =0
X+ by=0

!

For a point x; on plane 1 and x5 on plane 2, we have:
X3 =X + tw

D = [tw| = [t]]|w]|

We can rewrite as follows:

w-Xp+ b, =0
=W (R tW) + by =0
- . by — by . by — b,
= WX +t||W|°+bi—bi+by = 0=t = e = D =t|w|| = T
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Primal Formulation

Objective

1
Minimize EHWH2

st. yi(wxi +b) >1 Vi
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Primal Formulation

Objective

1
Minimize EHWH2

st. yi(wxi +b) >1 Vi

Q) What is ||w||?

w Il = VwTw
w2
w = Wy
w2
Whn = {Wl,WQ,...an|
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Simple Exercise

L , -
1 1
2 1

-1 -1

=0 -1

Separating Hyperplane: wx + b =0



Simple Exercise

yi(wix; + b) > 1

);-1 }; = y,‘(W,'X,' + b) >1
5 1 = 1wy +b)>1
-1 -1 =12wi +b)>1
—2 -1 = —1(—w1+b)>1

= —1(—2wy + b) > 1



w+b=1
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Simple Exercise

W,-,,,',,:l,b:O
wx+b=0
x=0



Simple Exercise

Minimum values satisfying constraints == w =1 and b=10
.. Max margin classifier = x =0



Primal Formulation is a Quadratic Program

Generally;
= Minimize Quadratic(x)

= such that, Linear(x)

Question
x = (x1,x2)
nimize 1H Hz
minimize =||x
2

x1+x—1>0
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Converting to Dual Problem

Primal = Dual Conversion using Lagrangian multipliers

1
Minimize EHV_VHz

s.t. yi(w.x; +b)>1

Vi
d N
1
L(w, b, a1, az,...ap) = 5 Z w? — Za;(y,'(v_v.i' +b)—1) Va >0
i=1 i=1



Converting to Dual Problem
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Converting to Dual Problem

N N N

L(a) = Z a; — % Z Z QiYiyiXi - X

i=1 i=1 j=1

Minimize ||w||?> = Maximize L(a)
s.t s.t
yi(W,xi+b)>1 Yl aiyi=0V aj>0

10



Question:

aj(yi (W,x;i +b) —1) =0 Vi as per KKT slackness
What is «; for support vector points?

Answer: For support vectors,

w.X; + b= —1 (4ve class)
w.X; + b = +1 (+ve class)

yi(w-Xi+b)—1)=0 for i = {support vector points}
..« where i € {support vector points} # 0
For all non-support vector points a;; = 0

11
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Revisiting the Simple Example

X1 y
1 1
2 1
-1 -1
-2 -1

Za,—fZZaa-y;ij,-xj a; >0

i=1 j=1
za,y, =0 ai(yilwx;+b—-1)=0

12



Revisiting the Simple Example

L(ay, a2, 03, 4) =a1 + a2 + a3 + ag
1
_E{alal X (1x1)x (1x1)
_'_
ajap X (1x1) x (1%2)
_l’_
ajaz X (1% —1) x (1% 1)

agag X (—1x—1) x (=2% —2)}

How to Solve? = Use the QP Solver!!

13



Revisiting the Simple Example

For the trivial example,
We know that only x = +1 will take part in the constraint actively.
Thus, as, a4 =0

By symmetry, a; = a3 = « (say)

& > yieai =0

L(ag, a2, a3, 04) =201

Maximize 2a — 3(402)
@3

14



Revisiting the Simple Example

a 2\ . o
£(2a—2a)—02>2 4o =0

= a=1/2
a1 =1/2 ap=0; a3 =1/2 au =0
N
W= iy% =1/2x1x1+0x1x2
i=1
+1/2x -1x—-140x—1x -2
=1/2+1/2=1

ii5)



Revisiting the Simple Example

Finding b:

For the support vectors we have,
yiW-X +b)—1=0

or,yi (W-x1+b)=1

or, y? (W - % + b) = ;

or, W, X+b=y (-y?=1)
or, b=y, —w-x

In practice, b = N%V Z,N:S‘l/ (yi — wx;)

16



Obtaining the Solution

b= %{(1 - (M@) +(-1-1)(-1))
1

=5{0+0}=0

=10
w=1& b=0

17



Making Predictions

Making Predictions
y(xi) = SIGN(w - x; + b)
For xtest = 3; (3) = SIGN(1 x 3 4+ 0) = +ve class

18



Making Predictions

Alternatively,
¥ (x7esT) = SIGN (W - XT£5T + b)

<Z QjYiXj * Xtest + b>

In our example,

a1=1/2,a0=0; az3=1/2;a4=0

()—SIGN( ><1><(1><3)+0+;><(—1)><(—1><3)—|—O>

—siGN (2) = sIGN@3) = +1
(3) - sione

19
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Non-Linearly Separable Data

20



Non-Linearly Separable Data

Data not separable in R

20



Non-Linearly Separable Data

Data not separable in R
Can we still use SVM?

20



Non-Linearly Separable Data

Data not separable in R
Can we still use SVM?
Yes!

20



Non-Linearly Separable Data

Data not separable in R
Can we still use SVM?

Yes!
How? Project data to a higher dimensional space.

20
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Linear SVMs in higher dimensions

Linear SVM:
Maximize

Za, —fZZoz QYiYjXi - Xj

i=1 j=1

such that constriants are satisfied.

!
Transformation (¢)
!
N 1 N N
- Z ai =5 Z Z @ja;yiy;d(Xi).¢(X;)
i=1 i=1 j=1

21



Linear SVMs in higher dimensions: Steps

1. Compute ¢(x) for each point

¢RI - RP
2. Compute dot products over RP space

Q. IfD>>d
Both steps are expensive!

22



Kernel Trick
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Kernel Trick

e Can we compute K(X;,X;) , such that

23



Kernel Trick

e Can we compute K(X;,X;) , such that

o K(xi,X;) = ¢(Xi).0(X;) , where

23



Kernel Trick

e Can we compute K(X;,X;) , such that
o K(%,%) = 6(%)-6(%) , where

e K(X;,X;) is some function of dot product in original dimension

23



Kernel Trick

e Can we compute K(X;,X;) , such that
K(xi, %) = #(%i)-0(;) . where

K(Xi, X;) is some function of dot product in original dimension

#(Xi).¢(x;) is dot product in high dimensions (after
transformation)

23
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Kernel Trick

Q) Why did we use dual form?

24



Kernel Trick

Q) Why did we use dual form?
Kernels again!!

24



Kernel Trick

Q) Why did we use dual form?
Kernels again!!

Primal form doesn't allow for the kernel trick K (x1, x2) in dual and
compute ¢(x) and then dot product in D dimensions

24



Some Kernels

1. Linear: K(>_<1,>_<2) = X1X
2. Polynomial: K(x1,%2) = (p + X1x2)9

5 - - _ = 12
3. Gaussian: K(x1,x2) = e MEx=%ll" where v = - Also called

Radial Basis Function (RBF)

1
202

25



Kernels

Q) For x = 1 what space does kernel K(%,x") = (1 + xx')3

X2
belong to?
x € R?
¢(x) € R’

K(x,2) = (1 +x1z1 + x02)*

2 2 2 2 .3 .3
=< 17X1)X25X17X2)X1X25X1X27X17X23X1X2 >

10 dimensional?

26



Does RBF involve dot product in lower-dimensional spac

Assuming x is a one-dimensional vector, we can rewrite the RBF
kernel as:

K(x,z) = e VIx—zI? _ o—v(x—2)?

27



Does RBF involve dot product in lower-dimensional space?

Assuming x is a one-dimensional vector, we can rewrite the RBF
kernel as:

K(x,z) = e VIx—zI? _ o—v(x—2)?

Expanding the squared term, we get:
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Does RBF involve dot product in lower-dimensional space?

Assuming x is a one-dimensional vector, we can rewrite the RBF
kernel as:

K(x,z) = e VIx—zI? _ o—v(x—2)?

Expanding the squared term, we get:

(x — 2)? = x* — 2xz + 2°

27



Does RBF involve dot product in lower-dimensional space?

Assuming x is a one-dimensional vector, we can rewrite the RBF
kernel as:

K(x,z) = e VIx—zI? _ o—v(x—2)?

Expanding the squared term, we get:

(x — 2)? = x* — 2xz + 2°

Substituting this back into the RBF kernel, we get:
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Does RBF involve dot product in lower-dimensional space?

Assuming x is a one-dimensional vector, we can rewrite the RBF
kernel as:

K(x,z) = e VIx—zI? _ o—v(x—2)?

Expanding the squared term, we get:

(x — 2)? = x* — 2xz + 2°

Substituting this back into the RBF kernel, we get:

- 2 e a2
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Does RBF involve dot product in lower-dimensional space?

Assuming x is a one-dimensional vector, we can rewrite the RBF
kernel as:

K(x,z) = e VIx—zI? _ o—v(x—2)?

Expanding the squared term, we get:

(x — 2)? = x* — 2xz + 2°

Substituting this back into the RBF kernel, we get:

- 2 e a2
K(X,Z) —e Y(x*=2xz+2z%) _ e~ X e2'yxze vz

Notice that the term e2Z is a dot product of the original data

points x and z in the one-dimensional feature space. 27



What space does the RBF kernel lie in?

Q) For x = x; what space does RBF kernel lie in?

K(x,z) = e Ix—zI

_ e (x=2)?

Now:

n=0

(N2 . ] .
- e =2 is 50 dimensionalll

28



Interpretation of RBF

o y(x) = sign(>_7_; ciyiK(x, xi) + b)

29



Interpretation of RBF

y(x) = sign(3_1_; ciyiK(x, x;) + b)

[
o K(x,xi) = el is the RBF kernel evaluated at x and x;

29



Interpretation of RBF

o J(x) = sign(3 i, ciyiK(x, x;) + b)
K(x,x;) = e Ik=xil” is the RBF kernel evaluated at x and x;

o 9(x) = sign(>> ajyje "Il 4 p)

29



Interpretation of RBF

o J(x) = sign(3_iy ciyiK(x, %) + b)
o K(x,xi) = el is the RBF kernel evaluated at x and x;
o 9(x) = sign(>> ajyje "Il 4 p)

e —||x — x;||? corresponds to radial term
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Interpretation of RBF

o J(x) = sign(3_iy ciyiK(x, %) + b)
o K(x,xi) = el is the RBF kernel evaluated at x and x;
o 9(x) = sign(>> ajyje "Il 4 p)

e —||x — x;||? corresponds to radial term

> ajy; is the activation component
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Interpretation of RBF

o §(x) = sign(3_/_ cviyiK(x, xi) + b)

o K(x,xi) = el is the RBF kernel evaluated at x and x;
o §(x) = sign(3- aiye Il 4+ b)

e —||x — x;||?> corresponds to radial term

e > «;y; is the activation component

—se—salll 2 o
o e Ilx=xlI" is the basis component

29
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