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The Scenario: True Function

For the purpose of this lecture we assume that there
exists a relation between Housing Prices and area of the
house.
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The Scenario: True Function

For the purpose of this lecture we assume that there
exists a relation between Housing Prices and area of the
house.

Here, the true function fg, . is used to model the relation

Yt = foue (Xt)

—— True Function

Price ($)

Size (sa.f)

Modeling the relation
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The 3 Sources of Error

Any prediction made is affected by 3 sources of error:

- Noise
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The 3 Sources of Error

Any prediction made is affected by 3 sources of error:

- Noise
. Bias
- Variance
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Noise

A relation between price and size will be affected by
other factors that we have not considered or cannot be
perfectly captured. Such factors would include:

- the condition of the house (cannot be measured
perfectly)

4/29



Noise

A relation between price and size will be affected by
other factors that we have not considered or cannot be
perfectly captured. Such factors would include:

- the condition of the house (cannot be measured
perfectly)

- sale prices of other houses in the neighborhood
(measurements that have biases in themselves)

Because of this, data is inherently noisy.
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Noise

This is not a property of data but rather an irreducible
error.
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Noise

This is not a property of data but rather an irreducible
error.

This error can be captured by the error term ¢ which
causes the final value of the house to follow the
equation: yt = fo,. (Xt) + €t

—— True Function
e Actual Prices

Price ($)

Size (sq.ft)

Modeling the relation
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Noise

This noise can be assumed to be mean-centered around
0 with spread called the variance of the noise.

This causes y; to become mean centered around the true
relation.

True Function
e Actual Prices

— Vvariance

Price ($)

Size (sq.ft)

Modeling the relation
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Bias

Bias is a measure of how well a model can fit a given
relation.

5/29



Bias

Bias is a measure of how well a model can fit a given
relation.

To understand this, let us take an example where we try
to learn the relation that models the Price and Size of a
house using a constant function.

True Function

e Actual Prices

Price ($)

Size (sq.ft)
An example dataset
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Bias

To understand this, let us take an example where we try
to learn the relation that models the Price and Size of a
house using a constant function.

True Function

e Actual Prices .
----- Prediction

Size (sq.ft)

An example dataset
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Bias

So the bias in this scenario looks something like this:

True Function .
Actual Prices .
Prediction

Bias *

Size (sq.ft)

An example dataset
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Bias

But it is important to understand that there are a large
number of different datasets possible for a given
situation, with each having their individual fits.
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Bias

But it is important to understand that there are a large
number of different datasets possible for a given
situation, with each having their individual fits.
Assume that we have two datasets of houses sold.

Price ($)
Price ($)

Size (sq.ft) Size (sq.ft)

Two Datasets from same relation
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Bias

But it is important to understand that there are a large
number of different datasets possible for a given
situation, with each having their individual fits.

If we try to fit a constant function to them.

—— True Function e Actual Prices  -eer Prediction

Price ($)
Price ($)

Size (sq.ft) Size (sq.ft)

Two Datasets from same relation
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Bias

But it is important to understand that there are a large
number of different datasets possible for a given
situation, with each having their individual fits.

We see that they show different predictions.

—— True Function e Actual Prices  -eer Prediction

Price ($)

Price ($)

Size (sq.ft) Size (sq.ft)

Two Datasets from same relation
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Bias

Doing so for all possible size N training sets we get

—— True Function  —:= frainy)  —+= fawrain)  —+= fowraina)  —+= foeraina)

Size (sq.ft)

(sq.ft)
Fits on different training sets
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Bias

Doing so for all possible size N training sets we get

A way of consolidating all these possible fits is to
calculate an average fit that is weighted by how likely
they are to appear.

—— True Function  —-= foraint) == fowrainy == fowraina)  —*= Tortraina)

Size (sq.ft]

)
Fits on different training sets
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Bias

Averaging all the fits (as in this scenario all datasets are
equally likely) we get the average fit.

—— True Function —= 15

Price ($)

Size (sq.ft)
Average fit on all different training sets
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Bias Contribution

Bias(x) = fo,.. (X) — fg(X)

—— True Function ——-- f3 Bias

Price ($)

Size (sq.ft)

Bias of the fit
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Bias Contribution

BiaS(X) :.fotrue (X) _fB_(X)
It is a measure of how flexible the fit is in capturing

—fetrue (X)

—— True Function e ] Bias

Price ($)

Size (sq.ft)

Bias of the fit
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Bias Contribution: Effect of Complexity

As we increase the complexity of the fit
— fit becomes more flexible
— bias decreases

Degree =0 Degree =1

—- 15 e Actual Prices ~ —— True Function Bias

Effect of degree on Bias of the fit
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Bias Contribution: Effect of Complexity

As we increase the complexity of the fit
— fit becomes more flexible
— bias decreases

Degree = 2 Degree =3

e Actual Prices ~ —-- fg  —— True Function Bias

Effect of degree on Bias of the fit
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Bias: Calculating the Bias

Bias calculation for a model is at the core a calculation of
the area under a curve.

Therefore, finding the bias for a model in the range (a, b)
is the calculation of the integral:

b
/a 5 — Fortruey (0)]dx

9/29



Variance

Variance of the fit is a measure of the variation in the fits
when trained across different training sets.

—— True Function —-= fo(train2) — = fd(traina) Variance

— = fotrain1) — = fotrain3)

Size (sq.ft)
Variance of the fit
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Variance Contribution

For Low Complexity
= variations between curves are less
= Variance is less

—— True Function —-= fi(train2) fo(traina) —F— Vvariance

—= Tatrain1) — = foitrain3)

[ -
=t-FE--=3-1=1

Price ($)

Size (sq.ft)
Variance of the low complexity fits
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Variance Contribution

For High Complexity we see very high variation

xa
1

vl v
Variance in high complexity fits
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Variance Contribution

For High Complexity
= high variation
— Variance is high

— = fo(train1) fo(train2) —= fg(train3) —— True Function I+ Variance

Size (sq.ft)

Variance of the high complexity fits
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The Bias-Variance Trade off

Degree =1 Degree =3 Degree =7

-\
—-= Prediction =~ —— True Function Bias —— True Function I+ Vvariance

Variance in high complexity fits
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The Bias-Variance Trade off

Plot Graph - 3:06 Variance and the bias-variance trade
off
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Measuring the goodness of a Model

To measure the goodness of a model, we have to
understand how well it can predict the behavior of the
phenomenon it is trying to model.
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Measuring the goodness of a Model

To measure the goodness of a model, we have to
understand how well it can predict the behavior of the
phenomenon it is trying to model.

This behavior varies due to training set randomness.
Therefore, it is important to measure performance
averaged over all possible training sets (of size N).
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Measuring the goodness of a Model

To measure the goodness of a model, we have to
understand how well it can predict the behavior of the
phenomenon it is trying to model.

This behavior varies due to training set randomness.
Therefore, it is important to measure performance
averaged over all possible training sets (of size N).

Etraining set|€rror of d(training set)]

gives a measure of the average error by doing an
expectation of the errors of all possible training sets of
size N.
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Expected Prediction Error at a point

Any prediction made is affected by 3 sources of error:

- Noise
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Any prediction made is affected by 3 sources of error:
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Expected Prediction Error at a point

Any prediction made is affected by 3 sources of error:

- Noise
- Bias
- Variance

Therefore, Eyqinlat a point x;] = f(noise, bias, variance)
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Formally defining the 3 sources of error: Noise

Noise is an irreducible error captured by the error term e.
The equation of the relation becomes yt = fytrue) (Xt) + €t
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Formally defining the 3 sources of error: Noise

Noise is an irreducible error captured by the error term e.
The equation of the relation becomes yt = fytrue) (Xt) + €t
The noise is mean-centered around 0 with spread called
the variance of the noise, denoted by o2.

—— True Function
e Actual Prices

— variance

Price ($)

Size (sq.ft)

Variance in the noise
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Formally defining the 3 sources of error: Noise

Noise is an irreducible error captured by the error term e.
The equation of the relation becomes y: = fyrue)(Xt) + €t
The noise is mean-centered around 0 with spread called
the variance of the noise, denoted by o2.

That is, it can be denoted by ¢ ~ N(0, 0?)
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Formally defining the 3 sources of error: Bias

Bias is a measure of how flexible the fit is in capturing the
true function fg, . (X)

BiaS(Xt) = fetrue (Xt) - .fé(xt)
where fgz denotes the average fit over all datasets.

—— True Function —-fg

Bias

Price ($)

Size (sq.ft)

Bias of the fit
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Formally defining the 3 sources of error: Bias

Bias is a measure of how flexible the fit is in capturing the
true function fg, . (X)

Bias(xt) = fouu. (Xt) — fa(xt)

where fg denotes the average fit over all datasets.
As fz denotes the average fit over all datasets, it can be

expressed by fz(X;) = Eirainlf5(Xt)]
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Formally defining the 3 sources of error: Variance

Variance of the fit is a measure of the variation in the fits
when trained across different training sets.

—-= faraint)  —= fa(trainzy  —-= fowrain3y ~—— True Function  --T- Variance

Size (sq.ft)

Variance of a fit
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Formally defining the 3 sources of error: Variance

Variance of the fit is a measure of the variation in the fits
when trained across different training sets.
Variance of the fit can be defined by

var(fy(xt)) = Etain[(f3(X) — fa(xt))’]

where f;(x) — fg(xt) denotes the deviation that a specific
fit has from the average.
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Deriving Expected Prediction Error

Now we will see how,

Etrain[at @ point xi] = o* + [bias(f;(xt))]* + var(f(xt))
where,

given a training set, the parameters @ of the fit are

learned as f;
and, the prediction at a point x; for the model trained on

that training set is f;(xt)
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Deriving Expected Prediction Error

Prediction Error at a point x; can be calculated using the
squared loss function.

Prediction error at x; = (y; —fé(tmm) (Xt))?

To find the "Expected Prediction Error” at a point x; we
average out the prediction error at that point over all
possible learned models. This can be done by finding the
expectation of prediction error for that point over all
possible training datasets (train) and labels for that point

(yt).

Expected prediction error at Xt = Egin y, [(Vt —fé(tmm) (xt))?]
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Deriving Expected Prediction Error

Expected prediction error at Xt = Eqgin y, [(Vt —fé(tram) (xt))?]
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Deriving Expected Prediction Error

Expected prediction error at x¢ = Eiqqin y, [(Vt —fé(tmm) (xt))?]

= Etrain y, [((Vt _fe(true) (Xt)) + (f@(true) (Xt) _fé(tmm) (x1)))?]

20/29



Deriving Expected Prediction Error

Expected prediction error at x¢ = Eiqqin y, [(Vt —fé(tram) (xt))?]

= Etrain,y, [((Vt _fe(true) (Xt)) + (f@(true) (Xt) _fé(tmin) (x1)))?]

a b
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Deriving Expected Prediction Error

Expected prediction error at Xt = Eyrain,y, [(Vt = fj4rqin) (xt))?]

= Etrain,yt K(Yt - f@(true) (Xt)) + (f@(true) (Xt) - fé(tmin) (Xt)))Q]

a b

= Etrain,yt{(a + b)z}
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Deriving Expected Prediction Error

Expected prediction error at x¢ = Eiqgin y, [(Vt —fé(tmm) (xt))?]

= Etrain y, [((Vt _fe(true) (Xt)) + (f@(true) (Xt) _fé(tmin) (x1)))?]

~
a

b
= Etrain,yt{(a + b)Q}

= Etrain,y, [0° + 2ab + b?]
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Deriving Expected Prediction Error

Expected prediction error at x¢ = Eirqin y, [(Vt —fé(tram)(xt))Q]

= Etrain,y, [((Vt _fe(true) (X)) + (f@(true) (Xt) _fé(tmin) (x1)))?]

-~

a b

= Etrain,yt{(a + b)ﬂ
= Etrain,yt [02 +2ab + b2]
(Using Linearity of Expectation)

=) Etrain,y,[0%] 4 2Eirain.y, [ab] + Eirainy, [D%]vevevveiiincnne (Egn.
1
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Deriving Expected Prediction Error

Etrain,yt [02] - Etrain,yt[(yt _fe(true) (XT))Q]
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Deriving Expected Prediction Error

Etrain,y, [0?] = Etrain,yt[()/t _fe(true) (x1))?]

(Since there is no dependence on training set)
= Ey. (vt — Foctrue) (Xt))?]
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Deriving Expected Prediction Error

Etrain,y, [0?] = Etrain,yt[()/t _fe(true) (xt))?]

(.- there is no dependence on training set)

= Ey,[(Yt — fotrue) (Xt))?]

2
€t

- E)’t [6?]
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Deriving Expected Prediction Error

Etrain.y, [a?] = Etrain,y, [(Vt —fe(true) (x1))?]

(.- there is no dependence on training set)

= Ey.[(Vt — fotrue) (X1))?]

2
€t

= E)/t [E?]

= ¢%(By definition)
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Deriving Expected Prediction Error

Etrain,yt [02] = Etrain,yt[()/t _fe(true)(xt))Q]

(.- there is no dependence on training set)

= Ey,[(yt — foctrue) (Xt))]

2
€t

= E)’t [6?]
= ¢%(By definition)

Etrainy,[0%] = 0% e (Eqgn. 2)
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Deriving Expected Prediction Error

Etrain,yt [Gb] =
Etrain,yt[()/t _fe(true) (Xt))(fe(true) (Xt) _fé(tmin) (Xt))]
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Deriving Expected Prediction Error

Etrain,yt [Gb] -
Etrain,yt[(Yt _fe(true) (Xt))(fe(true) (Xt) _fé(tmin) (xt))]

€t
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Deriving Expected Prediction Error

Etrain,yt [Gb] -
Etrain,yt[()/t _fe(true) (Xt))(fe(true) (Xt) _fé(train) (Xt))]

€t

= Etrcu‘n,yt [Et(fa(true) (Xt) — fé(tm,'n) (xt))]
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Deriving Expected Prediction Error

Etraimyt [Cib] =
Etrain,yt[()/t _fo(true) (Xt))(fe(true) (Xt) _fé(tmin) (Xt))]

~~
€t

= Etrain,yt [Et(fe(true) (Xt) — fé(tmm) (Xt))]

(e and (f@(true) (Xt) _fé(train) (Xt)) are
independent)

= Etrain,y,[€t] * Etrain,yf[(fe(true) (Xt) _fé(train) (Xt))]
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Deriving Expected Prediction Error

Etrain,yt [C’b] =
Etrain,yt [(Yt - fe(true) (XT) ) (fe(true) (Xt) - fé(tram) (Xt))]

~~
€t

= Etrain,yt [et(fe(true) (Xt) - fé(tmin) (Xt))]

(. eand (f@(true) (Xt) _fé(tm,'n) (xt)) are
independent)

= Etrcrin,yr [et] XEtroin,yt[(fe(true) (Xt) - fé(tm,'n) (Xt))]
=0
(By definition ¢ has mean 0)
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Deriving Expected Prediction Error

Etrain,yt [C’b] -
Etrain,yt[()/t —fe(true) (Xt))(fe(true) (Xt) - fé(tmin) (Xt))]

€t

= Etrain,yt [Et(fe(true) (Xt) — fé(train) (xt))]

(- e and Oce(true) (Xt) _fé(tmm) (Xt)) are
independent)

= Etraimy, [et] ><Etrctin,yt[(fe(t‘rue) (Xt) _fé(train) (Xt))]
=0
(By definition ¢ has mean 0)

Etrain,yt [Clb] — 0 .............. (Eqn. 3)
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Deriving Expected Prediction Error

Etrain,yt [b2] = Etrain,yt[(fa(true) (Xt) _fé(tm,'n) (Xt))Q]
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Deriving Expected Prediction Error

Etrain,yt [bZ] = Etrain,yt[(fe(true) (Xt) _fé(train) (Xt))Q]
(fo(true) (Xt) — Fytraim) (Xe) is independent of y)

= Etrain [(f@(true) (Xt) — fé(train) (Xt))2]
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Deriving Expected Prediction Error

Etrain,yt [bQ] - Etrain,yt[(fe(true) (Xt) _fé(tmin) (XT))Q]
(foctrue) (Xt) —fé(tmm) (xt) is independent of y;)
= Etrain[(f@(true) (Xt) _fé(tmm) (Xt))2]

= MSE(fé(train) (xt))
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Deriving Expected Prediction Error

Etrain,y [0%] = Etrain,y:[(Fotrue) (Xt) — Fatrain) (X0))?]
(Fo(true) (Xt) = F4trqiny (Xt) is independent of yy)
= Etrain|(fotrue) (Xt) — Ftrainy (Xt))°]
= MSE (£} trqin) (Xt))

Etrainyn[6%] = MSE(F; 4rqim) (X)) vvveeee (Eqn. 4)
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Deriving Expected Prediction Error

From Eqgn. 1, 2, 3 and 4, we get,

Expected prediction error at x; = o2 + MSE(fe train) (xt))

Now, we will further simplify the MSE term into bias and
variance.
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Deriving Expected Prediction Error

MSE(f@ train) ( )) = Etrain[(f(?(true) (Xt) _fé(train) (Xt))2]
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Deriving Expected Prediction Error

MSE(fé(train) (X)) = Etrain[(fe(true) (Xt) — fé(train) (Xt))2]

= Etrainl((foctrue) (Xt) — fa(xt)) + (fa(Xt) _fé(tmin) (xt)))?]
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Deriving Expected Prediction Error

MSE(fé(tmin) (X)) = Etrain[(fe(true)(xt) —fé(tra,‘n)(xt))Z]

= Evainl ((Ftrue) () — F5(0)) + (Fo(X0) — Fjgraimy (X0))?)
« B
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Deriving Expected Prediction Error

MSE(fé(train) (Xt)) = Etrain[(fe(true)(xt) —fé(tmm)(xt))Q]

= Evainl ((Fatrue) () — F5(0)) + (Fo(X0) — Fjgraimy (X0))?]
o B

= Etrgin[(a + 5)2]
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Deriving Expected Prediction Error

MSE(fe train) (Xt)) = Etrain[(f&(true)(xt) _fé(train)(xt))2]

= Etrain[((Fotrue) (Xt) _fé(Xt)Z‘i‘ (fa(xt) _fé(tmin) (xt)))?]

ke 5

= Etrqin[(a + 6)2]

= Etrain [042 + 203 + 62]
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Deriving Expected Prediction Error

MSE(fé(train) (Xt)) = Etrain[(fe(true)(xt> —fé(tmm)(xt))Q]

= Evainl ((Fatrue) () — F5(0)) + (Fo(X0) — Fygraimy (X0))?]
o B

= Etrgin[(a + 5)2]
= Etrain [052 +2af3 + /82]

(Using Linearity of Expectation)
= Etrain [042} + 2Etrqin[B] + Etrain [52] ---------- (Egn. 5)
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Deriving Expected Prediction Error

Etrain [042] = Etrain[(fG(true) (Xt) _fé(xf))Q]
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Deriving Expected Prediction Error

Etrain[a®] = Etrain[(fa(true) (xt) — fa(xt))?]

= Etrain[(fe(true) (Xt) - Etrain Dcé(tmin) (Xt)]z}
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Deriving Expected Prediction Error

Etrain[a®] = Etrain[(fe(true) (Xt) _fé(xt))Q]
= Etrain[(fe(true)(xt) - Etrain Dcé(t,—ain) (Xt)m

= Etrgin[bias(f;(xt))?] (By definition of bias)
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Deriving Expected Prediction Error

Etrainlo?] = Etrain| (foctrue) (Xt) — fa(X))?]
= Etrain|(Fotrue) (Xt) — Etrain[F3 train) (X))
= Eyainlbias(f;(x0))?] (By definition of bias)
— bias(f;(x1))?

(.- bias is not a function of training data)
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Deriving Expected Prediction Error

Etrainl®] = Etrainl (foctrue) (Xt) — f5(Xt))?]
= Etrain|(fo(true) (Xt) — Etrain[Fg train) (Xt)]°]
= Etrgin[bias(f;(xt))?] (By definition of bias)
= bias(f;(x))’
(.- bias is not a function of training data)

Etrain[®] = bias(f;(Xt))? weveveveen. (Eqgn. 6)
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Deriving Expected Prediction Error

Etrain[a]
= Etrain [(f&(true) (Xt) - fé(xt)) (fé(Xt) - fé(train) (Xt))]
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Deriving Expected Prediction Error

Etrain [aﬁ]
= Etrain [(f(?(true) (Xt) - fé(Xt)) (fé(xt) - fé(train) (Xt))]

= Etrqinbiast x (fz(Xt) *fé(train) (xt))]
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Deriving Expected Prediction Error

Etrain (]
= Etrain [(f&(true) (Xf) - fé(xt)) Ué(xf) - fé(tmin) (XT))]

= Ejrgin[biast x (fe_(xt) _fé(train) (Xt))]
= bICISt X Etrain Vé(xt) _.fé(train) (Xt)}

(.- bias; is not a function of training data)
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Deriving Expected Prediction Error
Etrain 5]
= Exvain| (Focerue) (%) — F5(x0)) (F3(X0) — 3 i (%0))]
= Etrain[biast x (fg(Xt) = f5traim (Xt))]
= biast x Eain[fg(Xt) = fjtrqin) (Xt)]
(. bias; is not a function of training data)

= bias x (Eiginlf3(Xt)] — EtainlF s raimy (X0)))
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Deriving Expected Prediction Error

Etrqin (8]
= Etrain [(fe(true) (XT) - fg(Xt)) Ué(xt) - fé(tm,‘n) (XT))]

= Eyrqin[biast x (fz(xt) —fg(tm,-n) (Xt))]

= biast x Eirain[fg(Xt) — F(train) (X0)]

(.- bias; is not a function of training data)
= bias x <Etm,~n [fg(Xt)] — Etrain 5 trqin) (Xt)])
= bias x (f3(xt) — f(xt))

(. fa(Xt) = Etrain Vé(train) (xt) )
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Deriving Expected Prediction Error

Etrain [0‘6]
= Etrain Kf&(true) (Xt) - fé(xt)) (fé(Xt) - fé(train) (Xt))]

= Etrain [biaSt X (fé(xt) _fé(train) (Xt))]

= biast x Eirqin Dcé(xt) _fé(train)(xt)}

(.- bias; is not a function of training data)
= bias x (Etrain Vé(xt)] - Etrain Dcé(tmin) (Xt)]>

= bias x (f5(xt) — fg(xt))
Etrain[aB] = 0eveeriiiieenne (Egn. 7)
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Deriving Expected Prediction Error

Etrain [62] = Etrain[(fé(xt) _fé(trqin) (Xf))2]
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Deriving Expected Prediction Error

Etrain [52] = Etrain[(fé(xf) _.fé(t,—g,‘n) (Xf)>2]

= Etrain [(fé(train) (Xt) — fé(xt))z]
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Deriving Expected Prediction Error

Etrain [62] = Etrain[(fé(xt) _fé(train)(xt))Q]
= Evainl(Fy g (%) — Fo (X))
e Etrain[(fé(tmin) (Xt) — Etrain[(fé(tmin) (xt)])?]

(. falxt) = Etrain[(fé(tmin)(xt)] )
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Deriving Expected Prediction Error

Evvainl3%) = Evrainl (F5(%) — Figrqim) (0))?]
= Evainl Fyraimy (X0) — Fa(x0))?
= Evainl g raimy (X0) — Erain Finy (X))
(. £3(%0) = Evrainl (Fgrqim) ()] )

= variance(f;(x;))
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Deriving Expected Prediction Error

Etrain[5%] = Etrain[(fg (Xt) — fy(trainy (X0))]
= Etrain[(F train) (Xt) — fa(X))?]
= Etrain[(Ftrain) (Xt) — Etrain[(F trainm) (Xt)])]
(. fa(Xt) = Etrainl(F(trqin) (Xt)] )
= variance(f;(xt))

Etrain[8%] = variance(f;(Xt))...ccovvnnes (Egn. 8)
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Deriving Expected Prediction Error

From Eqgn. 1- 8, we get,
Expected prediction error at x;
=0’ + MSE(fé(train)(Xt))

= 0% + bias(f;(xt))* + variance(f;(xt))
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