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Constrained Optimization

At extremum, (x*,y*), we get: VI (x*,y*) = AVg(x*, y*)




Constrained Optimization

At extremum, (x*,y*), we get: VF(x*,y*) = AVg(x*, y*)

]

= AVg(x,y) = A

2x
Vf(x,y) = [2)’



Constrained Optimization

2x = Ay (1)
2y = Ax (2)

xy = 3)



Constrained optimization

We have three equations involving three variables. On solving the
above equations, we get

x=y=1

A=2



Constrained Optimization

Find extrema of f(x,y) = x> +y?stx+y =1



Constrained Optimization

Vf(x,y) = AVg(x,y)




Constrained Optimization

2x = A (4)
2y =\ (5)
x+y—-1=0 (6)

On solving we get x =y = 0.5
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Lagrangian Multiplier

For solving the form of equations: Extrema f(.) s.t. g(.) = 0.
For example, Maximize f(x,y) = x>+ y?st. x +y =1
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Lagrangian Multiplier

For solving the form of equations: Extrema f(.) s.t. g(.) = 0.
For example, Maximize f(x,y) = x>+ y?st. x +y =1

Construct a new function, Lagrangian

L(x,y,\) = f(x,y) + Ag(x,y) where X is called the Lagrangian
multiplier

e Set VL=0, i.e.
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Lagrangian Multiplier

Find the extrema of f(x,y) = x’y st g(x,y) = x>+ y? =1



Lagrangian Multiplier

Find the extrema of f(x,y) = x’y st g(x,y) = x>+ y? =1

L(x,y,\) = X2y + )\(x2 +y? — 1)



Lagrangian Multiplier

Find the extrema of f(x,y) = x’y st g(x,y) = x>+ y? =1
L(x,y,\) = x2y + A\(x®> + y? — 1)

Compute the partial derivatives



Lagrangian Multiplier

oL
520 = 2xy + A\(2x) =0 (7)
aL—o 212 0 8
gy 0= (2y) = (8)
oL

=0 = x®4+y>-1=0 (9)
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X#Z0 = y=—-A

12



X#Z0 = y=—-A

x2 =2)\?
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X#Z0 = y=—-A

x2 =2)\?

Substitute the above values in Equation 9

12



X#Z0 = y=—-A

x2 =2)\?

Substitute the above values in Equation 9

1
3N =1 = A=+—

V3
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X#Z0 = y=—-A

x2 =2)\?

Substitute the above values in Equation 9

1
3N =1 = A=+—

V3
j:1
y* \/§
" f2—2 1
axoxy—§3
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KKT Conditions

Used for constrained optimization of the form

Minimize f(x), where x € R*
such that

hi(x) =0, Vi=1,...,m (m equalities)
gi(x) <0,Vj=1,...,n (n inequalities)

13



e Create a new function for minimization,

L(X7 )\17 oo 7)\maul7 .. '7/’Ln) = f(X) + Zl)\lhl(x) + Zlu_lgj(x)
1= J=

where,
A1 — A are multipliers for the m equalities
11 — i are multipliers for the n inequalities

14



e Minimize L(x, \, ) w.rt. x = V,L(x,\,u) =0
Gives k equations

ii5)



e Minimize L(x, \, ) w.rt. A = V,\L(x,\,u) =0
Gives m equations
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g,(x) <0

Gi(x*) =0

x*
Minima for f(x)

Contour of f(x)
gi(x*) <0
pi =0

In both cases, u;gi(x*)

g,(x <0

9; (x)=0

x*
Minima for f(x)

Contour of f(x)

gi(x*)=0

0
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KKT Conditions

Stationarity (For minimization)
Vit (x) + 32 ViAihi(x) + 32 Vipigi(x) = 0
i=1 i=1
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KKT Conditions

Stationarity (For minimization)

fo(x) + z VX)\,'h,'(X) + Z VX/J,,'g,'(X) =0
i=1 i=1

Equality Constraints
m n

V}f(X) + Z V,\)\;h,’(x) + Z VA,LL,'g,'(X) =0
i=1 i=1

Vaihi(x) =0
=1

1
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KKT Conditions

Stationarity (For minimization)
Vif(x)+ > ViAihi(x) + > Viuigi(x) =0
i=1 i=1
Equality Constraints
V)\f(X) + Z V)\)\,-h,-(x) + Z V,\u;g,-(x) =0
i=1 i=1
z V)\)\,'h,'(x) =0
i=1
Inequality Constraints (Complementary Slackness)

wigi(x) =0vi=1,...,n
pi >0
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Minimize x? + y? such that,
x?+y?<5b
xX+2y=4

x,y >0
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fx,y) =x*+y?
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fx,y) =x*+y?
h(x,y) =x+2y —4
gilx,y)=x*+y*-5
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L(X7y7)\7:u'17lu’2vu3) =
X2+ y? + Mx 42y — 4) + p1(x® + y? — 5) + po(—x) + pa(—y)
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Stationarity

VXL(Xayv)\mulvM%N:%) =0
= 2X+A+2mx—po=0........ ... (1)

vyL(X7y7>\aM1>:u2wu3) =0
= 2y +22+2uy —pu3=0...............L. (2)
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Stationarity
VXL(X7_y7 Anu’lv M2, M3) =0
= 2X+A+2ux—po=0.................. (1)

vyL(X7y7)‘7M17,U/27N3) =0
= 2y +2A+ 2y —pu3=0....coiii.. (2)

Equality Constraint

21



Stationarity

VXL(X,_)/,A7,M1,M2,/L3) =0
= 2X+ A+ 2ux—pp=0..... L. (1)

VyL(X,y,)\,M]_,/J,2,N3) =0
= 2y +22+2umy —pu3=0.... ... (2)

Equality Constraint

X+2y =4 (3)
Slackness

(2 + Y2 —=5) =00 (4)
fox = 0. (5)
3y = 0. (6)
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From (6), u3 =0o0ry =0
But if, y = 0, then x = 4 according to (3) . This violates (1).
Hence, y # 0 and u3 =0
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From (6), uz3 =0o0ry =0
But if, y = 0, then x = 4 according to (3) . This violates (1).
Hence, y #0 and u3 =0

From (5), u1 =0 or x =0

If x =0, y =2, which implies x> + y? = 4(< 5)

Since (x,y) = (0,2) gives smaller x2 + y? terms than 5,
Using (4), u1 =0
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From (6), u3 =0o0ry =0
But if, y = 0, then x = 4 according to (3) . This violates (1).
Hence, y # 0 and u3 =0

From (5), u1 =0 or x =0

If x =0, y =2, which implies x2 + y2 =4(<5)

Since (x,y) = (0,2) gives smaller x> + y? terms than 5,
Using (4), 11 =0

On further solving we get,
x=0.8
y=16

22
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