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SOME APPLICATIONS

① ACTIVITY MONITORING

② SPEECH RECOGNITION

③ PART OF SPEECH TAGGING

④ GENE FINDING

:



SEQUENTIAL DATA

1) Amount of rainfall daily

2) Price of stock

3) words in a sentence

G) Energy consumption of a home



WEATHER EXAMPLE

let set e {
R : Rainy
s : Sunny
C : cloudy

be observed outlook at
'

t
"'

day

Sample observations : R RR CC RE S SS css
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Modelling sequential Data as i. i. d

* Easiest way
to treat sequential data - ignore

sequential aspect and treat observations as iii. d .

DOWNSIDE ?

* Fails to exploit sequential patterns
17

- Nearby observations
" correlated

* O : Predict if it will rain today or not
?

' : Rain today -
Rain tomorrow

w/ high
probability
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MaR K o U Mo D E L

f-f-§. - - -
- - -→④ "Fiat::*

Shaded
'

. Observed
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MARKOV MODEL

FA
FEE . - - - -

- -→on
,

SECOND ORDER MARKOV CHAIN

Platt , laissez . . .
at) = Platt , bet ,set- i)

T
JOINT
PROB = plus , . - - yay ) = pcaD.pfdzlaD.IT plant

n =3
an- l

,

an-D
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FEE . - - - -
- - -→on

,

FIRST ORDER MARKOV CHAIN

Future prediction independent of past given present

⇒ pfdt+ , la , .az . . .
at) = Platt , lat)

JOINT
PROB = plus , . - - yay ) = plat) . pcnzlaD.pk/az

) . . .

plata
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PARAMETERS OF FIRST ORDER MARKOV MODEL

ftp.Q . - - - -
- -→Q

.

① MAIN ASSUMPTION : STATION ARITY

Data evolves over time
,

but distribution

from which data is generated is fined .

② we would like to have pararyeter sharing gparameters
independent of
time



PARAMETERS OF FIRST ORDER MARKOV MODEL

E-E-E . - - - -
- -→on
,

we would like to have parameter sharing

plat lat - D is same ft
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PARAMETERS OF FIRST ORDER MARKOV MODEL

f-E-E . - - - -
- - -→Q
.

T

pfdi.az . . . . at) = pH , ) Tt plat lat)
E-2

Parameters = O = { IT ,
A ]

t 2 Transition
Prior

fshobasility
matrix
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PARAMETERS OF FIRST ORDER MARKOV MODEL

ASSUME at can take Iof K States

Ajr = plat -- k lat . ,=j)

(j' and ' k
'

f { I , . . . K}

j - k
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Representing Ajr = plat -- k lat . ,=j)
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PARAMETERS OF FIRST ORDER MARKOV MODEL

Representing Ajr = plat -- k lat . ,=j)

② IS M form
-#

JazzCSt state
All #k . . .

State
Ajj



PARAMETERS OF FIRST ORDER MARKOV MODEL

Representing Ajr = plat -- k lat . ,=j)

③ Adjacency matrix

"

Ajk



PARAMETERS OF FIRST ORDER MARKOV MODEL

Prior Probability LTD

TIR -- plz , -_ k)

Probability of 1st observation
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O) Given As Tl as :

R C S

R
a-- f! ! '- car ? ;D
s 1

WHAT IS PRODA LITT OF SEQUENCE

d. = {rrssc}

Pla I E- fat})= Plat - R) . plxz=Rlai=R) . plans -_ stair)
• places lazes) . peas -- clay -_ s)

= TIR . Arr . Ars . Ass .
Asc
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O) Given A s Tl as :

R C S

R
A;f÷÷ * car . : ;D

plan R) = o - 2 .
what is p Caz =

R) ?

pcnz = R) = p (n,
-
- R) . pCnz= Rl NER) t

pen , = S) . pcnz = Rla , =D t

p ca , = c) . p Caz
= Rla , = c)

= C. 2) * C.4) t C.4) * Cool) t C. 4) * ( o . 2) = 0-2 =p Hi=D
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Hidden Matteo V Model

^

(
what is the hidden component

Example : coin Toss Model

Assume 2 coins
→

Biased ( pm) = 0.7)
\ unbiased

' Fair
( Plh) -- o

. 5)

We see only sequence of observations ←{Hot
. - . }

Hidden : which coin was tossed !

=



Hmm ( example)

a s
C±o→Coiz Markov model

Biased

✓
Fair



Hmm ( example)

a s
CI→Coiz Markov model

-
Biased Fair

pCtD= 0.7 pen)= OF
Emission

pc -17=0.3 PCT) = 0.5
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Hmm ( example)

" t;÷} ④-⑤-⑤ . - - →

aiims ¥ to
.

- - - - ¥.
Hi : Observed .

Zi : Latent state



HMM Parameters

① Transition matrix A :

Ajk= plan -- Klan - i -_ j)



Hmm Parameters

① Transition matrix A :

Ajk= plan -- klzn - i -_ j)

② Prior prob .
Tl :

Tik = plz, =D



HMM Parameters

① Transition matrix A :

Ajk= plan -- klzn - i -- j)

② Prior prob .
Tl :

Tik = plz, = k)

③ Emission probability : to define plan lzn , ol)



HMM Parameters

③ Emission probability : to define plan lzn , ol)
Case=I : dis discrete .

log . 2i= {Fair , Biased}

d defined in terms of conditional probability

Fair Biased

PCH)= 0.5 pct )= 0.7

PCT) = O 'S PCT) = 0^3



HMM Parameters

③ Emission probability : to define plan lzn , ol)
Cadi dis continuous

State : Appliance is ON IOF 't

d : ON : power n N (100,10)

OFF .

- Power - N ( O , 5)



SOME APPLICATIONS

① ACTIVITY MONITORING

Accelerometer
↳hhnwnµfhhmµrnm

Activity WALKING RUNNING SITTING

21 22 23

Zi E { WALKING , RUNNING , SITTING)}
di E ( SOME TRANSFORMATION OF RAW

DATA)
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PI : hmm sampling

②- ④ . - - - ⑤

to . . . . .
.

'

Ion

Given Tl
,
A
, generate X= fair - - an) S 2=22, . - - 2N}

① CHOOSE 2, as per Tl

② Sample a , using do and 2,

③ For n= 2 : N

③ Sample 2n from 2n - , using A and 2n- I

⑦ Sample seen from 2n using to and 2n



PI : hmm sampling
Notebooks : Discrete hmm simulant ' ( unfair Casino )

continuous Hmm Simulat
"

( Power Appliance)
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PIT : HMM Evidence likelihood

X= {ai . . . at}
Crimen X , TT, A , of what is LEXI -0)?

W

-0

Likelihood = plxlo ) -- § pcxszlo)
( marginals's at)



For X= { HGH} what is LLXIO) where -0=2

Tls ( O . 6 0.4]
Bias Fair

B F

A =
Bias

( 0.9 0.1 )Fair O- I 0.9

A- Bias Fair

pltD= 0.7 pct) -- OE

PCT) = 0^3 PIT)= 0.5
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For X= { HGH} what is LCXIO) where -0=2

k-DEB Trellis Diagram
⇒ for 2 States

/Z-k and ztimesteps

LCXIO)= plz , = B) . p (ni
-

- H 12 -- B) . plz = BIZ , -- B). p(az=Hz=B)

+
p (21--7) . pcni = 4/2=7 ) . pC2z= B12,

-_ F) . pCaz=hk=B)
+ plz, -_ B). pcni-hlz-BJ.pk2=712 , = B) . pCaz=Hz=F )
+
plz , = F) plate hlz=F) -pizz

-
- 714 -' F) npcncetilz



For X= { HGH} what is LCXIO) where -0=2

LCXIO)= plz , -_ B) . p (ni
-

- H 12 -- B) . plz = BIZFB). p(az=Hz=B)

+
p (21--7) . pcni -_ 4/2=7 ) . pC2z= B12,

-_ F) . pCaz=hk=B)
+ plz, -_ B). pcni-tilz-BJ.pk2=712 , ' B).pCaz=Hz=F )
+
plz , = F) plai-hlz-H.pl22=714 -' F) npcncetilz

= ( Oo 6) ( 007) ( 0.9) (0.7) = 0.2646 = 0.3896

1- ( o -4) Cons) cool) ( 0.7)
t 0.0140

+ ( O - 6) 10.7) (o . 1) Cons) t o- 0210

+ ( 0.4) (ons) (o-9) Co -s) + o.O 900



For X= { HGH, . . .. }
what is LCXIO) where -0=2

timesteps .
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For X= { HGH, . . .. }
what is LLXIO) where -0=2

Timesteps .

¥¥3¥ . . .

f- I t=z . .
- - - -

t -- T

/÷:i÷
IT . . - - - -

- -



For X= { HGH, . . .. }
what is LLXIO) where -0=2

Timesteps .

E¥5¥ . . .

f- I t=z . .
- - - -

t -- T

ti:÷i:÷÷÷÷÷.



For X= { HGH, . . .. }
what is LLXIO) where -0=2

Timesteps .

EFFI⇐¥⇒¥ - - - - E.
+= ' t=z . .

. - - -
t -- T

Total
Length of each path 'T KT paths
⇒ OCT) multiplications required for

LCXIQ)



pfxlo) compntath is OGE)

Cen me do better ? Hint : Dynamic Programming
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FORWARD PROCEDURE

Define Atli )= P (x, :tgzt=i)

i. e . at Li ) = Probability of being in state
' i ' at time t and

observant
"

as it



FORWARD PROCEDURE ( Base Step f- 1)

Define Atli )= P (x, :tg2t=i)

For our example for t - l

di ( B ) = plz , gz , -- Biased ) -- TB . p(ai=hl4=B)
= 0.6*0.7 = 0.42



FORWARD PROCEDURE ( Base step f- =/ )

Define Atli )= P (x, :tgzt=i)

For our example for f- I

4 , ( Bias) = plz , gz , -- Biased )= TB . p(ai=hl4=B)
= 0.6*0.7 = 0.42

4 , (Fair) = P (x , -_ 4,4=7)= Tf . pfdi -- H 121=7 )

= 004 # O 'S = 0.20
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Define Atli )= P (x, :tgzt=i)

41=0^42 2z(B) = ?
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41=0.2
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FORWARD PROCEDURE ( INDUCTION STEP)

Define Atli )= p (x, :tgzt=i)

41=0^42 2z(B) = ?

KD-DB 2 paths Ck)

✓ to Bias state

at time

step 2
41=0.2

plz , -- H ,nz=HgZz=B) = (p (ai=Hg4=B) . ABB]P(Hlbias)



FORWARD PROCEDURE ( INDUCTION STFPJ

Define Atli )= p (x, :tgzt=i)

41=0^42 2z(B) = ?

KD-DB 2 paths Ck)

✓ to Bias state

at time

step 2
41=0.2

plz , -_ H ,nz=HgZz=B) =fpfdi-Hg2r-BJ.ABBJPCHlBiasJt@Lxr-Hg2i-FJ.AFBJPCHID)



FORWARD PROCEDURE ( INDUCTION STFPJ

Define At Ii )= P (x, :tg2t=i)

plz , -- H , n, = H
,
>z= B) = (p (a, = Hg4= B) . ABB] PCHIBias)

+ (P (x,-_ H ,a= F) . AFBJPCHID)
⇒ azCB)= (2, (B) ABB)dBGe=h) + (HLF) AFB) Gen)

= (0.423*10.9)*(0-7) t (0.23*1001)*(0^7)
= 0.2696 t 0.014

= 0.2786



FORWARD PROCEDURE ( INDUCTION STE)

Define Atli )= P (x, :tgzt=i)

Attilio)={§2tli)*Aij/ojHttD



FORWARD PROCEDURE ( INDUCTION STEPJ

Define Atli )= P (x, :tg2t=i)

41=0^42 yz(B) = 0.2786

③ ③

1€
41=0.2 az (F) = 001110



FORWARD PROCEDURE ( Termination)

AT (B) = P (al :TgZT=B)

at CF) = P foes : -1,2-1=7)
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FORWARD PROCEDURE ( Termination)

AT (B) = P (al :TgZT=B)

at CF) = P foes : -1,2-1=7)

.

'

. Plus : T) = At CB) +diff)

In general,
Pla , :TH)=§d , Ci)
Ot

( ( 4¥)= ? Atli )
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PTI Hmm Filtering
compute belief slate

pcztlzel : t) online ( or recursively)

= p Gt , as :t) = Atli)
- -

plus : t) { dtli)



PHI HMM Filtering .

Plz , -_ BIXFH) =. a. CB) = 0422 '- Z

91¥ ,
CF)

062 3

plz , -_ FIX'-- H) = 4 , CF ) 02 n
.
I

¥12.tt)
=

0762 3



PIT HMM Filtering .

Plz = BX-- fkn] = 2dB) = 0.715
z
l ) '

Eine)
z 2

plz; Flann)) = = 0.289

ECB) -122ft)



PHI HMM Filtering .

Plz = BX-- fkn] = 2dB) = 0.715
z
l ) i

Eine)
z 2

plz Flann)) = = 0.289

ECB) -122ft)

Note

Pkz=BlfhH3) > Plz , -_ BISH})
'

r

'

Biased coin ⇒ more heads !



PI : putti :tl2t=i , O) ?

Backwards algorithm

ptli)= Putti :-1/2 E- igo)

= Probability of sequence xt.tl : T

given state is
' I ' at the

time instance



PI : putti :Tl2t=i , O) ?

ptli)= Plxttl :T/zt=i,0)

e.g .
X= { H , H,H3
-1=3

E- I

Zi= Biased



Backwards Algorithm

aKt
hee :

n>1ztt
t t -11

ptli) ptttlj)



Backwards Algorithm

Kt Btli)= PCxtti.it/zt=i)

Mkt
= plxttzi.TK#i=D.Ail.OilXttl)

¥°,
'

: t pcxttz : -1/2*1=2) - Ai2 . Ola LXHD

n
.

>¥i :

t t-11 +pcxttz.it/zt+i=k).AiK.di#CXttDptli) ptttlj)



Backwards Algorithm
INDUCTION STEP

Kt Btli)= pcxtti.it/zt=i
)

Mkt
=

;
!§pt+ , Lj) . Aijlojlxtti)

¥0,
i
.

¥7>1ztt
t t-11

ptli) ptttlj)



Backwards Algorithm
INDUCTION STEP

kt Bt ti)= pcxtti.it/zt=i
)

Mkt
= ;¥gBt+ , Lj) . Aijlojlxtti)

It, i
. t.tl , - - - I

T INIT .
STEP

>¥
pal ;)=l fi C- { Is . -

K}
t t-11

ptli) Pt# Ij) ( Arbitrarily defined)



Backwards Algorithm Cenample)

X= { H ,H.H3
Find pi , Pz .P3

INIT

Pz (B) = I = Pz ( Arbitrary)



Backwards Algorithm Cenample)

X= { H , h . H ]
Find pi , paps

INIT

pg (B) = I = Pz CE) ( Arbitrary)

STEP

Pz (B) = Eye
,
# z
pzcj) . AB ; . dj (H)

= Ps (B) . ABB . GB (H) t Bst). ABF . # HH)
= 1. (0.9) . Cool) t KD lool) ( 005) = 0.68



Backwards Algorithm Cenample)

X= { H , h . H ]
Find pi , paps

INIT

pg (B) = I = Pz CE) ( Arbitrary)

STEP

Pz CB) = j.fm#zpzCj).ABj.djlH)
= Ps (B) . ABB . GB (H) t Ps ft). ABF . AHH)
= 1. (0.9) . Cool) t ID lool) ( 005) = 0.68

P2 (F) = Ps CB) . AFB & B
Ch) t Bz CF) . AFF . OF CH )

= ( l) . ( o - 1) 10.7) t Cl) ( o. 9) Co-5) = 0.52



Backwards Algorithm Cenample)

X= { H , h . H ]
Find pi , paps

INIT

pg (B) = I = Pz CE) ( Arbitrary)

STEP

PIC B) = Pz CB) . ABB . GB CH) t pztt ) .ABF. IOFCH)

= (0.68) Co - 9) Co - 7) t (0.52) . Cool) (
005) = 0.4544

Pil 't ) = pzCB) . AFB . G BCH ) t Pztt) -AFF . IOFCH)

= ( 0.68) ( O- D (007) + ( o -S2) ( o - 9) ( O -5) = o - 2816



PI 'OPTIMAL' sequence of States given model

and

observations .

Given X.- {Xi , . . . XT}

-0 = { IT , A , 03

How to choose E- {21 , - - 2T}

optimally ?



PI "OPTIMAL' sequence of States : mpm
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choose state zt which is individually most likely
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PI 'OPTIMAL' sequence of States : mpm

OPTIMALITY DEFINITION # I

choose state zt which is individually most likely

I = ( ang mga p Gi ki : T) , . . . , agg,man PETH
'")

Also called Sequence of @arginally Most

Paddle States ( Mpm)
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PI "OPTIMAL' sequence of States : mpm

OPTIMALITY DEFINITION # I

choose state z← which is individually most likely

Let rt ( i) = pGt=i In , :T)

4 pC2t=i las : t ) . plat :Tl2t=i , al : t)



PI "OPTIMAL' sequence of States : mpm

OPTIMALITY DEFINITION # I

choose state ze which is individually most likely

Let Jt ( i) = p(2t= i Irl : T) Independent

4 pczt-ilas.at ) . plan :Tl2t=i,a

xpkt=i Iai : t ) . plat.it:1/zt=i)8tliDxdtli).ptli)



PI •OPTIMAL' sequence of States : mom

FORWARD BACKWARD ALGORITHM

rt Ci) = pkt-ilan.TT
8th) Ratti) .pt Ii)

rt Ii) = atipti)

§ Atli ).pt log)



PI "OPTIMAL' sequence of States : mom
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PI 'OPTIMAL' sequence of States : mom

FORWARD BACKWARD ALGORITHM

Example : For some ⑦
,
X= { Host , H ] Find ' smooth

'

set of States

rt Ioi) = tipi)

§ Atli ).pt LE )

8 , (B) =L , ( B) . p , CB) = 0.42×0.4544
----9
, CB). BIB) t 9, LF) .p , CF)

' 42×0^4544 -10^2×028166

= . 190838 = O- 77

¥08



PI 'OPTIMAL' sequence of States : mom

FORWARD BACKWARD ALGORITHM

Example : For some ⑦
,
X= { Host , H ] Find ' smooth

'

set of States

rt Ii) = tipi)

§ Atli ).pt LH)

8 , (B) = 0.77

⇒ 8 , LF )= O - 23

Much more likely to have 2 , =
B if { H ,H , H ] and a

given



PI 'OPTIMAL' sequence of States : Mpm

FORWARD BACKWARD ALGORITHM

Example : For some O
,
X= { Host , H ] Find ' smooth

'

set of States

rt Ii) = tipi)

§ Atli ).pt LH)

I = Coggan 8 , Li) , . .
. ) = ( Biased ,

biased
,
biased)



PI "OPTIMAL' sequence of States : MAP

OPTIMALITY DEFINITION # 2

CHOOSE MOST PROBABLE SEQUENCE OF

STATES

z
't
= angmar plait lait)

21 : T
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CONSIDER FOLLOWING 2 timesteps joint prob.

21=1 21=2

Zz = I
O ' 04 O'3
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PI •OPTIMAL' sequence of States : MAP vis mpm

CONSIDER FOLLOWING 2 timesteps joint prob.

21=1 21=2

zz= 10.0403µF22=2 O ' 36 O ' 3 off

Q

MPM = Sequence of Marginally MOST PROB. STATES

= (Z, = 2
g Zz

= 2

' : i

:O . go > 0.34
)

O ' 670
- 4



PI •OPTIMAL' sequence of States : MAP vis mpm

CONSIDER FOLLOWING 2 timesteps joint prob.

Z, =
I 21=2

zz= 10.0403µF22=2 O ' 36 O ' 3 off

#

MAP = (Z, = I
, 22=2)

'

.

'

+36 is highest number



PI "OPTIMAL' sequence of States : MAP

OPTIMALITY DEFINITION # 2

CHOOSE MOST PROBABLE SEQUENCE OF

STATES

z
't
= angmar plait lait)

21 : T

VITERBI ALGORITHM C Dynamic
Programming)



VITERBI ALGORITHM

Define ft ( i ) = Mak P [2,522,23 . . - Rt- I g2E=i ,
21,22 , - 'Zt- I 24,22 . .

- set to]



VITERBI ALGORITHM

Define ft ( i ) = Mak P (21,22523 . . - Rt- i g2E=i ,
21,22 , ' -Zt- I zeignz . . - set to]

Best score (highest prob) along a single path

at time t
,

which accounts for first

t observations and ends in Zt=i



Difference Btw Atli )
and Stli )

ft fi ) = Mak P (2,522,23 . . - Rt- I g2E=i ,
21,22 , ' -Zt- I zeignz . . - set to]

Atli )= P (x, :tgzt=i to)



Difference Btw Atli )
and Stli )

ft fi ) = Mak P (2,522,23 . . - Rt- I g2E=i ,
21,22 , ' -Zt- I zeignz . . - Rtl -0]

Atli )= P (x, :tgzt=ilO)

FOCUS ON MOST LIKELY SEQUENCE

FOCUS ON MOST LIKELY STATE AT
'

t
'



VITERBI ALGORITHM

Define ft ( i ) = Mak P (2,522,23 . . - Rt- I g2E=i ,
21,22 , - 'Zt- I 24,22 . .

- set to]
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VITERBI ALGORITHM

Define ft ( i ) = Mak P (2,522,23 . . - Rt- I g2E=i ,
21,22 , - 'Zt- I 24,22 . .

- set to]

Relation btw St Ii ) AND Stt , Lj ) ?
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VITERBI ALGORITHM

Define ft ( i ) = Mak P (2,522,23 . . - Rt- I g2E=i ,
21,22 , - 'Zt- I 24,22 . .

- set to]

Relation btw St Ii ) AND Stt , Lj ) ?
Stu)

III t 1¥71
- - i

St(2)¥12
€1 l=k



VITERBI ALGORITHM

Relation btw St Ii ) AND Stt , Lj ) ?
Stu)

Ail M
M k AT

- - i

gtcz)¥-12
€1 I ÷k

* We could reach 2t+I=j from any
i C- { I , - K3wia

a transition with prob . Aij

* Once me reach zz+i=j , pros . of observing at-11 is

Qljo (Rta)



VITERBI ALGORITHM

Relation btw St Ii ) AND Stt , Lj ) ?
8th)

Ail M
M k AT¥

- - i

gtcz)¥-12
€1 I ÷k

* We could reach Zttl -- j from any
i C- { I , - K3 via

a transition with prob . A Pj . We take
'

best path
'

* Once me reach zz+i=j , pros . of observing at-11 is

Qi (Rta)
Sta Lj ) = (m,aa{St Lil. Aij}* dj Cat



VITERBI ALGORITHM

Sttilj ) = (m,aa{Sth%Aij}* dj Cat

For EACH t and j , we need to store

argument
' i
'
which maximized above equation .

Called Yt ( j)
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8 , Li)=



VITERBI ALGORITHM

① INITIAL SATI ON
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4 , Li ) = O ( ARBITRARY)



VITERBI ALGORITHM

① INITIAL SATI ON

S , Li)= Ti * Gitai)

4 , Li ) = O ( ARBITRARY)

② RECURSION

FOR t in 2 to
T

FOR j in 1 to K

St Lj ) = (miff , (St- Ili) . Aij)) djlat)
Ut Lj) = argmaa

"Efi. . .kz
ft-Ili ) . Aij



VITERBI ALGORITHM

③ Termination

P*= man Sali)
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ZF = Wegman
St Ci)
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VITERBI ALGORITHM

③ Termination

P*= man Sali)
i Efl , - - K}

ZF = Wegman
St Ci)

i ELI . . -K}

④ Backtracking
For t in Fl , . . .

. I :

2¥ = Htt , (27+1)



VITERBI ALGORITHM

E-a ample

Given ① = ⇐ A
,
03 and ki :T= ft , H, H }

determine MAP z
't

Tle ( O . 6 0.4]
Bias Fair

B F

A =
Bias

10.9 01 )Fair O- I 0.9

A- Bias Fair

pltD= 0.7 pct) -- OE

PCT) = 0^3 PIT)= 0.5



VITERBI ALGORITHM

E-a ample

Given ① = ⇐ A
,
03 and ki :T= ft , H, H }

determine MAP z
't

S , (
Bias) = Tlbias 't QB;as (H) = 0.6*07=0.42

S , (Fair) = Tlfae's 't drain (n) = On 4*05 = 020



VITERBI ALGORITHM

E-a ample

Given ① = ⇐ A
,
03 and ki : T -- ft , H, H }

determine MAP z
't

8 , (
Bias) = Tlbias 't GB,-as (H) = 06*07=0.42

S , (Fair) = Tlfae's 't drain (n) = On 4*05 = 0^20

y , (Bias) =p ,
(Fair) = 0 ( Arbitrary)



VITERBI ALGORITHM

E-a ample

8 , (
Bias) = Tlbias 't $ Bias (H) = 0.6*07=0.42

S , (Fair) = Tlfae's 't drain (n) = On 4*05 = 0^20

y , (Bias) =p ,
(Fair) = 0 ( Arbitrary)

82C Bias) = man Within) .
AFair

,
Dias

Si ( bias) - Arias , B. as }* Arias (ti)
= noise{ 002*001 3*0.7 = 042*0.9*07

O ' 42 H O ' 9



VITERBI ALGORITHM

S , (
Bias) = Tlbias 't Olbia (H) = 06*07=0.42

S , (Fair) = Tlfae's 't drain (n) = On 4*05 = 0^20

y , (Bias) =p ,
(Fair) = 0 ( Arbitrary)

82C Bias) = man Within) .
AFair

,
Dias

Si ( bias) - Arias , B. as }* &Bias (ti)

= man{ 002*001 3*0.7 = 042*0.9*07

0^42*0^9 = 0 . 26

421Bias) = Bias



VITERBI ALGORITHM

8 , (
Bias) = Tlbias 't $ Bias (H) = Oo 6*07=0.42

S , (Fair) = Tlfae's it to pair Ch ) = On 4*05 = 0^20

y , (Bias) =p ,
(Fair) = 0 ( Arbitrary)

82C Fair) = man Within) .
AFair

,
Fair

Si ( bias) . AD ;as , fair }* attain 1H)

= man{ Oo? *
°o° ? 3*0.5=02*0

. axons

I = O ' 09

Q2 (Fair) = Fair



VITERBI ALGORITHM

Sz ( Bias) = 0.2646 421 Bias) = Bias

Sz (Fair ) = O ' 09 012C Fair ) = Fair

Sz (Bias) = man {821
Bias) * A Dias; Bias

Szltais) # Arai, pig } * & Bias (H)
83 @ iad = mango?! ! !

*

o.O
,

' ' Ja 07 = a 166698

Usc Bias) = Dias



VITERBI ALGORITHM

Sz ( Bias) = 0.2646 421 Bias) = Bias

Sz (Fair ) = O ' 09 012C Fair ) = Fair

Sz ( Fair ) = man {S2 (Tais) . A-Fair , Fair

Sabian .areas
,
Tai, } * hair l 'D

-

- manse :::*:*: ,S*os -nay::::*.
= O ' 0305

Ulzttair) = Fair



VITERBI ALGORITHM

S , ( Bias)
-
- O

' 42

8 , (Tain) = 02

Sz ( Bias) = 0.2646 421 Bias) = Bias

Sz (Fair ) = O ' 09 012C Fair ) = Fair

Sz ( Dias) = O - 167 0131 Dias) = Bias

43C Fair ) = Fair
Sz ( Fair ) =

0.04



VITERBI ALGORITHM

S , ( Bias)
-
- O

' 42

8 , (Tain) = 02

Sz ( Bias) = 0.2646 421 Bias) = Bias

Sz (Fair ) = O ' 09 012C Fair ) = Fair

Sz ( Dias) = O - 167 0131 Dias) = Bias

43C Fair ) = Fair
Sz ( Fair ) =

0.04

zz*= Wegman ( S3 (Bias) , Szftain
)] = Bias



VITERBI ALGORITHM

S , ( Bias)
-
- O

' 42

8 , (Tain) = 02

Sz ( Bias) = 0.2646 421 Bias) = Bias

Sz (Fair ) = O ' 09 012C Tais ) = Fair

Sz ( Dias) = O - 167 0131 Dias) = Bias

f yl Tain) =
0.04 43 ( Fair ) = Fair

zz*= Wegman ( S3 (Bias) , Szftain
)] = Bias

Zz* = 43 ( Bias) = Bias

zit = 42 Cz
't) = the Dias) = Bias ⇒ z¥{ Big;asBiasg}
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PVI : HMM PARAMETER LEARNING GIVEN

FULLY OBSERVED DATA

x Fully observed : observe all hidden state sequences

* O = { Tl , A , 03

* Given D= { (611 , 212 . - - ZIT , ) , (all , Miz - - di Ti))
,

Nsequenas ←
"
'

((Zwl , n - - ZWTN)
,
(Uni

,
. . . . an Tw))



PVI : HMM PARAMETER LEARNING GIVEN

FULLY OBSERVED DATA

x Fully observed : observe all hidden state sequences

* O = { IT , A , 03

* Given D= { (611 , 212 . - - ZIT , ) , (all , Miz - - di Ti))
,

'

'

.

N sequences ←
each of
Ti length

((ZN ' , i - - ZWTN)
,
(Uni

,
. . . . awtw))

( may be different)



- GIVEN
PI : HMM PARAMETER LEARNING

FULLY OBSERVED DATA

SOME MATHS FOR A SINGLE SEQUENCE FIRST

Likelihood of a sequence 2 , :T
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Likelihood of a sequence 21 : T
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PVI : HMM PARAMETER LEARNING GIVEN

FULLY OBSERVED DATA

Likelihood of a sequence 21 : T

= IT (Z ,) A (21,22) - - - Aki , ,ZT)

let us white Tiki) in terms of j E fi, . . K ]

IT = L - --- - - - - - - - - -I
4=1 21=2 2i=j 2,=K

TIG ,) = Tj : if a=j



i

PVI : HMM PARAMETER LEARNING GIVEN

FULLY OBSERVED DATA

Likelihood of a sequence 21 : T

= IT (Z ,) A (21,22) - - - Atty , ZT)

let us white Tiki) in terms of j f fi, . . K ]

IT = L - --- - - - - - - - - -I
4=1 21=2 2i=j 2,=k

TIED = Tj i. if a=j or Tifa ) = fg.
⇐=D



i

PVI : HMM PARAMETER LEARNING GIVEN

FULLY OBSERVED DATA

Likelihood of a sequence 21 : T

= IT (Z ,) A (21,22) - - -
A (Zt, , ZT)

Let us write Aki , >2) in terms of j , k E { I , . - - K}
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PVI : HMM PARAMETER LEARNING GIVEN

FULLY OBSERVED DATA

Likelihood of a sequence 21 : T

= IT (Z ,) A (21,22) - - -
A (Zt, , ZT)

Let us write Aki , >z) in terms of j , k E { I , . - - K}

AGRI - II II. ( a,jg±k=iiZ=k
)
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PVI : HMM PARAMETER LEARNING GIVEN

FULLY OBSERVED DATA

Likelihood of a sequence 21 : T

= IT (Z ,) A (21,22) - - -
A (Zt, , ZT)

wow
,
Aki ,3) = II ¥

.

,fajpy±ki=isZ=k)

⇒ A task ) - - - Ate , ,z,) = IT IF, II
,

@jjtkt-t.it
-ki)



i

PVI : HMM PARAMETER LEARNING GIVEN

FULLY OBSERVED DATA

Likelihood of a sequence 21 : T

= IT (Z ,) A (21,22) - - -
A (2=1, , ZT)

Kcmo -
- email -- log ( II ' '"i ) IT.IT#ICaiIj&*n7Ii=iD--logft

.
G )

= boy 't + log G
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PVI : HMM PARAMETER LEARNING GIVEN

FULLY OBSERVED DATA

Kcmo -
- email -- log ( II ' '"i ) II i¥CaiIj¥hI't. ;D
= log ft .

G )
= boy 't + log G

Now log 't = log ( Tt,
' k" " # t""

. . .
Fink" ")
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PVI : HMM PARAMETER LEARNING GIVEN

FULLY OBSERVED DATA

Kcmo -
- email -- log (ftp.jfk-itIIIIII#nIn*n7I=iD--logft

.
G )

= boy 't + log G
Now log 't = log ( Tt,

't k" " # t""
. . .
Fink" ")

= I 61=1) log IT , t - - - .

log 't =÷gICa=j)logTj



i

PVI : HMM PARAMETER LEARNING GIVEN

FULLY OBSERVED DATA

Kcmo -
- email -- log ( II ' '"i ) i÷¥ICaiIj&±n7't. ;D
= logft .

G )

aga -

- eogfji.fi , Ajit
" ' '""'

* ÷i¥a,¥"
' '''a

- - - - )
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PVI : HMM PARAMETER LEARNING GIVEN

FULLY OBSERVED DATA

Kcmo -
- email -- log ( II ' '"i ) i¥ICaiIj¥hI't. ;D
= log ft .

G )

aga -

- eogfj.ie#.ajnIH=im--h*giig?aiiiai-im..nI
- - - - )

' II log II
,

ajpfkt-k.at-ri) )
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PVI : HMM PARAMETER LEARNING GIVEN

FULLY OBSERVED DATA

aga -

- eogfjiii.fi , Ajit
" ' '""' *÷i¥p¥"

'
'

'''d

- - - - )
' II log II

,

ajpfkt-k.at-ri) )
log a = II. §! , g! , I lat -- R , set -Kj) log Ajk
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PVI : HMM PARAMETER LEARNING GIVEN

FULLY OBSERVED DATA

BACK To
'

N
'

sequences now .

* Given D= { (611 , 212 . - - ZIT , ) , (all , Miz - - di Ti))
,

'

'

.

Nseqenas ←
each of
Ti length

((ZN 's ' - - ZWTN)
,
(Uni

,
. . . . awtw))

( may be different)



i

PVI : HMM PARAMETER LEARNING GIVEN

FULLY OBSERVED DATA

STEP I

Estimate IT and A given D! (Gi , . . - - zit;) A IEC's-N)

log p ( D
' lo

'

-1A ,'D = .IE?logpLzi-o')
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PVI : HMM PARAMETER LEARNING GIVEN

FULLY OBSERVED DATA

STEP I

Estimate IT and A given D! (Gi , . . - - zit;) A IEC's-N)

log p ( D
' to

'

-1A ,'D =

,

:{ logplzilo')
-

:÷÷÷÷÷÷÷÷i:¥
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PVI : HMM PARAMETER LEARNING GIVEN

FULLY OBSERVED DATA

STEP I

Estimate IT and A given D! (Gi , . . - - zit;) A IEC's-N)

log p ( D
' lo

'

-1A ,'D =

;
logplzilo

')

-

:÷÷÷÷÷÷÷÷÷iii÷÷i÷i
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PVI : HMM PARAMETER LEARNING GIVEN

FULLY OBSERVED DATA

STEP I

Estimate IT and A given D! i , . . - - zit;) A IEC's-N)

logpcdloi-fa.TT) = .IE?logpLzi-o')
-

f COUNT OF SEQUENCES

N'j LEI ( Zil -_ j) WHERE 7- j
i.io#:si:n.EEiaitiniE7FROM

' j ' to
' k
'
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PVI : HMM PARAMETER LEARNING GIVEN

FULLY OBSERVED DATA

FROM MLE ,

^

Ij = N'j Ajr= Njk
← -.
EN'j ENJR
j -- s k

-

f COUNT OF SEQUENCES

N'j D= I ( Zil -_ j) WHERE 2e=j

II.Is'm
.

→ njra.EE?Ilai.t=i.ni.t-i=?t.
-
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PVI : HMM PARAMETER LEARNING GIVEN

FULLY OBSERVED DATA

FROM MLE ,

^

Ej = N'j Ajr -_ Njk
← -.
EN'j ENJR
j -- i k

HOW TO ESTIMATE § :

① Assume MULTINOULLI EMISSION

⇒ dje= p(xt=elzt=j ) left . . - L}
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PVI : HMM PARAMETER LEARNING GIVEN

FULLY OBSERVED DATA

FROM MLE ,

^

Ej = N'j Ajr -_ Njk
← -.
EN'j ENJR
j -- i k

HOW TO ESTIMATE § :

① Assume MULTINOULLI EMISSION

⇒ dje= p(xt=elzt=j ) left . . - L}
FROM MIE '

X
⑨ je = Nje ;

Njl E EY & IGist-jgai.it -- e)
Nj
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PVI : HMM PARAMETER LEARNING GIVEN

FULLY OBSERVED DATA

FROM MLE ,

^

Ij = N'j Ajr -_ Njk
← -.
EN'j ENJR
j -- i k

HOW TO ESTIMATE & FOR NORMALLY DISTRIBUTED §

^ - Er -- (Fajr - NkiiknrtUk = Ak
-

-

Nk Nk

N
5k¥ EYE! Iki,t=Hni,t ENTREE It? Hui.tn?sti--

I



HMM LEARNING EXAMPLE ( ESTIMATE IT , A , )

Fair Bias
S1 Bias Fair

H T H H

S2 : F F F F

H T T T

S3 : B B B B

T H H H



HMM LEARNING EXAMPLE ( ESTIMATE IT , A , 40)

Fair Bias
S1 Bias Fair

H T H H

S2 : F F F F

H T T T

S3 : B B B B

T H H H

Ng
!
= # Times 2J aceurs at t - l

N

=EI (zit -_ j)
is '



HMM LEARNING EXAMPLE ( ESTIMATE IT , A , 40)

Fair Bias
S1 Bias Fair

H T H H

S2 : F F F F

H T T T

S3 : B B B B

T H H H

Ng
!
= # Times 2J ctceurs at t - l

W
-

- EI (zit -_ j)
is '

N'
B
= 2 (stand Sz) N'

f
= l ( S2)



HMM LEARNING EXAMPLE ( ESTIMATE IT , A , 40)

Fair Bias
S1 Bias Fair

H T H H

S2 : F F F F

H T T T

S3 : B B B B

T H H H

N"B= 2
g N 't -_ I

ti -

- Eti. . I - L :I÷w
.

. !÷w.)
-

- G's]



HMM LEARNING EXAMPLE ( ESTIMATE IT , A , 40)

Fair fair Bias
s, Bias

H T H H

S2 : F F F F

H T T T

S3 : B B B B

T H H H

Njk= COUNT OF TRANSITIONS FROM 2J to 2K .



HMM LEARNING EXAMPLE ( ESTIMATE IT , A , )

Fair fair Bias
s, Bias

H T H H

S2 : F F F F

H T T T

S3 : B B B B

T H H H

Njk = COUNT OF TRANSITIONS FROM 2J to 2K .

NBB =3 NFF = 4

NB 't =L NFB = I



HMM LEARNING EXAMPLE ( ESTIMATE IT , A , 40)

fair Bias
-

Sl Bias Fair

H T H H IBB = NBB = Z
- g

S2 : F F F F NBBTNBF

H T T T FB 't = NBF = I
= a

B NBBTNDF
"

I::÷÷÷÷÷it÷i÷÷÷÷,* =L:}
":]



HMM LEARNING EXAMPLE ( ESTIMATE IT , A , )

B F F B
Sl

H T H H

S2 : F F F F

H T T T

S3 : B B B B

T H H H

* 1¥:: :÷:L



HMM LEARNING EXAMPLE ( ESTIMATE IT , A , 40)

B F F B
Sl

H T H H

S2 : F F F F

H T T T

S3 : B B B B

T H H H

* = (¥ !! %!;) Torn -
- counties)

COUNT OF BIAS



HMM LEARNING EXAMPLE ( ESTIMATE IT , A , 40)

B F F B
Sl

H T H H ④ By =counTof(BnH)
S2 : F F F F count OF BIAS

H T T T = covh)_
COUNT CB,T) + Koun (BiH)

S3 : B B B B
4

T H H
H = -

i t 9

④ = OTB n OTB ,
= 0.8

↳
en oi , -1) TBT -

- 0oz

⑤ FH = O' 4

⑤ FT = O' 6
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PVH : HMM PARAMETER LEARNING
-

FULLY OBSERVED DATA

* WITH MISSING DATA / LATENT VARIABLES (Zt)

COMPUTING MLE IMAP IS HARD

* COULD USE GRADIENT BASED METHODS

BUT TRICKY TO ENFORCE CONSTRAINTS

like g.Tj =L etc

* OFTEN USE EXPECTATION MAXIM ISA -110N (Em)
→ ITERATIVE

g
CLOSED FORM UPDATES
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* GOAL : MAXIMIZE LOG .
LIKELIHOOD

lit) = ¥, logpcailo) = II log (§. pcaiszilo)
* DEFINE COMPLETE DATA LOG . LIKELIHOOD

lelo) E if logpcaiszilo)
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* GOAL : MAXIMIZE LOG .
LIKELIHOOD

lit) = IN, logpcailo) = ¥? log (§. pcaiszilo)
* DEFINE COMPLETE DATA LOG . LIKELIHOOD

deco) E if logpcaiszilo)
* DEFINE EXPECTED COMPLETE DATA LIKELIHOOD

QCO , -0
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re : CURREN ITERATION

Q : AUXILIARY
FUNCTION
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* GOAL : MAXIMIZE LOG .
LIKELIHOOD

lit) = ¥, logpcailo) = ¥? log (§. pcaiszilo)
* DEFINE COMPLETE DATA LOG . LIKELIHOOD
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EM ALGORITHM

* GOAL : MAXIMIZE LOG .
LIKELIHOOD

lit) = IN, logpcailo) = ¥7 log (§. pcaiszilo)
* DEFINE COMPLETE DATA LOG . LIKELIHOOD

deco) E if logpcaiszilo)
* DEFINE EXPECTED COMPLETE DATA LIKELIHOOD

QCQE ' ) -- Electors ,o'
- I

* E - step : COMPUTE O r r-

* M- step : OPTIMIZE ⑦ Wrt -0 ,
i - e . O = argnfau ( 0,0

')
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EM ALGORITHM

TWO STEPS ( TILL CONERGENCE)

① E : INFERRING MISSING VALUES (Zi,t)
GIVEN MODEL PARAMETERS ( f- {A,A,0})

② M : OPTIMIZING PARAMETERS (⑦ = { h, A , 0} )
USING MLG AND

FILLED IN DATA (Zig E)
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COMPUTING EXPECTED SUFFICIENT STATS (ESS)
( OR TERMS FROM AUX. FUNCTION ON

WHICH MLE DEPENDS ON)

lgtligj) = P(zt= i ,2tH=j txt : -1,0)

ZttI=j/
-

- •

-

t- I t th



lgtligj) =P (zt= i , 2tH=j lxi
: T
,
O)

= p Gt
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lgtligj) =P (zt= i , 2tH=j /
Xi : T

,
O)

= p Gt
-
-
i
,
zttkj , set :

t.IQ#T0)ZttI--j/
¥2•§
-

t- I t txt

Mt ( igj ) =P Get = i ,Ni : t ) Aijp ( htt, late P (x th : T 1241=5)
-

plait lo)



Gt Ci , j) = P (zt= i , Zttl =j / Xi : T , O)

Zttl=j/¥2 •§
-

t- I t th

ly t Li ,j )
= PGt=i,At.ua#Xtt:T2tti=j)

p ( nc : T Io)
= a.li#ntt)tefj)Aij?jE4tli3lojcnit-iTptTj)Aij
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Now ; 8€ Ci ) = Probability of being in state
' il at

time
' t
'

given observations and
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⇒ 8th ) = FE ,
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Expected # of visits to
state i

on
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lgtligj) =P (zt= i , 2tH=j txt
: T
,
O)

T- l

Q : what does Zzz Ci )
mean

= I

Expected # of visits to
state i

on
, Expected # of transitions from state i (ignoring t=T)

T- I

O : what does Ee ly t
Li
, j ) mean ?

= I



lgtligj) =P (zt= i , 2tH=j txt
: T
,
O)

T- l

Q : what does Z Zz Ci )
mean

= I

Expected # of visits to
state i

on
, Expected # of transitions from state i (ignoring t -- T)

T- I

O : what does Ze ly t
Li
, j ) mean ?

= I

Expected # of transitions from
state i ta j .



HMM LEARNING EXAMPLE ( ESTIMATE IT , A , 40)

Fair fair Bias unknown
S, Bias

H T H H

S2 : F F F F

H T T T

Ss : B B B B

T H H H

←
1st iteration (RANDOM

Let us assume :
INIT. )

Ti
'

: co - a o '] a' = (g:3 :?)
Irs -

- [ dis Ez] ol't
.

-
-
Lois o:D
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CONSIDER SI ONLY FOR NOW

Si

H T H H

a' = Cona on] A' = (g:} :?)
Irs -

- [ dis Ez] ol
'

Co! , I:D

9
,
CB ,
B) = ? hi , ( B. F)

= ? hi , CF,
F) = ? Mitt .BZ ?
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CONSIDER SI ONLY FOR NOW

SlHTµ#

I:÷:::÷÷÷.÷.÷÷.:÷J
G
,
( B. B) = 9

,
CB) . ABB dB(az=T) .BzCB)
-

NORMALIZATION CONSTANT

91lb) = TIB GB Ca , -_ H) = (o . g) (083=072

Pz CB)= ?
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HMM LEARNING EXAMPLE ( ESTIMATE IT , A , 40)

CONSIDER SI ONLY FOR NOW

SlHTµ#

I:::::÷÷÷.÷.÷÷.⇐::S
pg (B)

=/ I pgf F) =L

BCB) = ABB dB ( ng -- H) Pg CB) t App to ,= (ng
-
- b) Pst)

= (07) ( o - 8) t ( o - 3) 10.4) = - 561--12 = 0-68

Bz CB) = ABB OB Caz -- H) p, (B) t ABF dFHz=h
) BCF)

= (0-7710.8) (0*68) t ( o - 3) ( o . 4) 11 - 88) = 004192



HMM LEARNING EXAMPLE ( ESTIMATE IT , A , 40)

CONSIDER SI ONLY FOR NOW

SiµTµ#

I:÷::::÷÷.÷.÷÷.:÷S
9
,
( B. B) = 9

,
CB) . ABB dB(az=T) .BzCB)
normalization)

= 0.72*007*0.2*04192
-

C
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HMM LEARNING EXAMPLE ( ESTIMATE IT , A , 40)

CONSIDER SI ONLY FOR NOW

SlHTµ#

I:::::÷÷÷.÷.÷÷.⇐::S
we can find .

8 , CB)
= he , CB , 't ) the ,

CB,B)

8 , (F) = I- 8 , CB)
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HMM LEARNING EXAMPLE ( ESTIMATE IT , A , 40)

Sl

H T H H

CONSIDER ONLY THE STATES AT t= l

PG , -- B) = 8 , (B)

Plz , = F) =3 ,
CF)

we don't know for sure
whether z, is

B or F,

but me know the probabilities .

KEY INSIGHT : CONSIDER T,fj) = EXPECTED #
OF TIMES

Zi=j



HMM LEARNING EXAMPLE ( ESTIMATE IT , A , 40)
e

KEY INSIGHT : CONSIDER T, = EXPECTED # OF
TIMES

Zi=j

NOW AS WE DID FOR FULLY OBSERVED CASE
,

WE CAN USE MLE to

estimate
2

T2
,

AZ
,
0



EM ALGORITHM

TWO STEPS ( TILL CONERGENCE)

① E : INFERRING MISSING VALUES (Zi,t)
GIVEN MODEL PARAMETERS ( f- {A,A,0})

COMPUTE ESS

Ji ,tlj) E p Gt -- j laid : Tigo)

eyigtlj , k) E pl? :*, gzt-kldi.int;D



EM ALGORITHM

TWO STEPS ( TILL CONERGENCE)

② M : OPTIMIZING PARAMETERS (⑦ = { h, A , 0} )
USING MLG AND

FILLED IN DATA (Zig t) OR EI

Tik = Expected Freq . of Zi,t= state K

N

= Eri
,
, ( k)

N
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TWO STEPS ( TILL CONERGENCE)

② M : OPTIMIZING PARAMETERS (f = { h, A , 0} )
USING MLG AND

FILLED IN DATA (Zig t) OR EI
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-

Enpeited # transitions from zt=j



EM ALGORITHM

TWO STEPS ( TILL CONERGENCE)

② M : OPTIMIZING PARAMETERS (f = { h, A , 0} )
USING MLG AND

FILLED IN DATA (Zig t) OR EI

FjR= Enpeited # transitions zt=j to 2++1 -- R

-

Enpeited # transitions from zt=j

= i.EE?eyi,tLjsk)
-

¥577 , II.
"

zhi , tlj , k ) ←
Normalization



EM ALGORITHM

TWO STEPS ( TILL CONERGENCE)

② M : OPTIMIZING PARAMETERS (f = { h, A , } )
USING MLG AND

FILLED IN DATA (Zig t) OR EI

$jl= Eaperted # times in state j and observing 't
'

-

Enperted # times in state j
N

= E E o

i=it:ni,z=eTis
EEE! ristlj )
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HOW TO INITIALIZE Os ?

① RANDOMLY INITIALIZE W/ MULTIPLE RESTARTS

- CHOOSE THE
"
BEST

"
(MAX LL) PARAMS

② INIT. USING
"
SOME

" TRAINING DATA

- KNOWN Zs

③ INIT. USING VITERBI TRAINING


