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Distance between 2 parallel hyperplanes

Equation of two planes is:
W-X+by=0
W-X+by=0



Distance between 2 parallel hyperplanes

Equation of two planes is:
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For a point x; on plane 1and x; on plane 2, we have:
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Distance between 2 parallel hyperplanes

Equation of two planes is:
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D = [tw] = [t]||w]]

We can rewrite as follows:



Distance between 2 parallel hyperplanes

Equation of two planes is:
W-X+by=0
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Distance between 2 parallel hyperplanes

Equation of two planes is:
W-X+by=0
W-X+by=0
For a point x; on plane 1and x; on plane 2, we have:
X5 =X +tw
D = [tw] = [t]||w]]

We can rewrite as follows:

W-Xo+b,=0
= W- (X1 +tW)+b, =0
= = = b1 = bz o b1 — b2
= W-X1+t||W|]>+b1—b1+by =0 =t = W = D=t|w| = e



FCATURE 2

FORMULATION

4\ CLAsS
s
7
00 © 0O 2
o O 7
/
7 o 0
7/ 0% o  _|cuass
7
0,0

FeATuRE |



FORMULATION

N

T a
" .m
S e
w3
3 \
au//,
NN
\
//// )}
\ Vg ©
\ \ o
(AN a
O’ / \
o \ N
[»} v\
(>}
[s) \
o) //

FeATuRE |

2 3vorwdd



FCATURE 2

FORMULATION

TRab=
'
s 7
R X 1% TR
g0 00 7 s .
0o 09”7 7~ .
-/ /’
RPN VA RGW =
-, =
7 ///‘oo
7’ o.0
- (o]




FGATURE 2

FORMULATION

s 7
-
S =
L RAxbe-
0000 s . BLr b
0 09”7 /7
rd
/’//
/ /S s
s, 7 29 5
///00
- o

FeATURE |

GoAL: MAxMmIZe MARLID

=) Mmammzé 2
1wl

> mmmize 5

ST Cowa iy Rakal poivts



FGATURE 2

FORMULATION

s 7
P
7 ro> = -
o000 s L7 Bdx be -
0 09”7 /7
7 / 4
7z
/’/ -
A
PRI
d
. o°
FeATURE |

GoAL: MAxMmIZe MARLID
=) Mmammzé 2
1))

> mmweze )

ST (owe axg Rakal poivEs
e if *d

w.oi+b £

o go= A

;,;L.‘\'b - )



FGATURE Z

FogM\!LP«TIoN

FRab=*1
r
. 7
e
7 ro> = -
o000 , s .7 Bax be o
0o 097 7 -
'd / <
d
/,/ ‘
, s A0
s ‘o °
d
7 Oo
FeATuRE |

GoAL: Maxm\Ze MARGID

= mammze 2
1))

QE\'\ W(M12Z € 1It‘3‘]w




Primal Formulation
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Primal Formulation

s ™)

Objective

oo
Minimize EHWH2

st yi(wxj+b) >1 Vi

Q) What is ||w||?

Wi |lw|| = vwTw
wW>
W = W‘]
W
Wn = [W1,W2,...Wn} ?

Wn 2
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Simple Exercise

P y -
1 1
2 1
—1 =1
—2 =1

Separating Hyperplane: wx +b =0



Simple Exercise

Vi(wix; +b) > 1

)? )1/ = yi(wix; + b) > 1
) 1 = 1(wq +b) > 1

1 = 12wy + b) > 1
-2 1] = —1(—w;1+b) >1

= —1(=2w; 4+ b) > 1



w+b=1
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Simple Exercise

Wmin:17bzo
wX+b=0

XxX=0



Simple Exercise

Minimum values satisfying constraints == w=1and b =0
.. Max margin classifier == x =0



Primal Formulation is a Quadratic Program

Generally;
= Minimize Quadratic(x)

= such that, Linear(x)

Question
X = (x1,%2)
L 1
minimize 5HXH2

X1+ X—=1>0




Mimmize  BuapRARE
S. 4. LwehA &

\(' Souvmer

%

2 xa V70

™/




Converting to Dual Problem

Primal = Dual Conversion using Lagrangian multipliers

T
Minimize EHWH2
st yi(w.xj + b) > 1
Vi

d N
L(w,b,an,ay,...an) = = ZWIZ = Za,‘(yi(\/_v.)?,‘ +b)-1)V >0



Converting to Dual Problem

oL -
8—W:O:W—Za,—y,—x[:0
i=1

N
V= oy
i=1
L(w, b, aq, ay, ...an ZW —za, Vi(w.X; +

N

= %||v‘v\|2 =) WX — Zaiyib + Z Q;
i=1 i=1 i=1

ajyiX;) (Z] a/yJXJ>

N (>
— Z aj + Z a;jy; (Z a/y/X/) Xi
—



Converting to Dual Problem

N N

N
L(a) = Z aj — % Z Z ajogyiyiX; - X;
=1

i=1 j=1

Minimize |W|?> = Maximize L(«)
s.t s.t
y,'(W,X,'—i-b)21 ZL@,—)/,-zOVa,—ZO
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Question:

aj(yi(w,X;+b) —1) =0 Vias per KKT slackness
What is «; for support vector points?

Answer: For support vectors,

w.X; + b = —1 (+ve class)
W.X; + b = +1 (+ve class)

Vi(W-X;+b)—1) =0 fori={support vector points}
.o where i € {support vector points} # 0
For all non-support vector points a; = 0

n
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Revisiting the Simple Example

X1 y
1 1
2 1
—1 —1
—2 —1

4

4 4
1 __
Lla)=) aj— > ) aiayykix; a; >0
=

i=1 j=1

Za,-y,- =0 a,(y/(\/'v.)?,- +b— 1) =0
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Revisiting the Simple Example

L(aq, an, a3, ) =a1 + ap + a3 + ay
1
—i{aqm X (Tx1) x (1%1)

+

aray X (1x1) x (1% 2)
-

araz X (1% =1) x (1% 1)

agoy X (=1%=1) x (=2 =2)}
How to Solve? = Use the QP Solver!!
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Revisiting the Simple Example

For the trivial example,
We know that only x = 1 will take part in the constraint
actively. Thus, az, a4 = 0

By symmetry, aq = a3z = « (say)

&> yia; =0

L(Oé'], ap, a3, 0(4) =2«

«

14



Revisiting the Simple Example

0
%(204—2042):O:>2—4a20
= a=1/2

sar=12 =0 a3=1/2 a, =0

N
W= oyX=1/2xTx1+0x1x2
=1
+1/2x =1x =140x =1x =2
=1/2+1/2="1

15



Revisiting the Simple Example

Finding b:

For the support vectors we have,
yi(W-X +b)—1=0

or,yi (W-X; +b) =1
or,y?(W- X+ b) =y

o, W,Xj+b=y; (-y}=1)
orLb=y —w-x

In practice, b = Nisv Z,Nj (y; — WX;)



Obtaining the Solution

b= %{(1 - (M) + (=1=()(=")
= {040} =0

=0
w=1& b=0



Making Predictions

Making Predictions
Y(x;) = SIGN(w - x; + b)
For Xtest = 3; ¥(3) = SIGN(1 x 3 + 0) = +ve class



Making Predictions

Alternatively,
)7 (XTEST) = SIGN (V_V - XTEST + b)

Ns
= SIGN Z QjYiXj - Xtest + b)

=1

In our example,
ar=1/2,00=0;, a3=1/2;a4,=0

¥(3) = SIGN <;><1><(1><3)+O+;><(—1)><(—1><3)+0)

— SIGN (2) — SIGN(3) = +1
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