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EQUATION OF HYPERPLANE

HOW TO DEFINE ?
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Distance between 2 parallel hyperplanes

Equation of two planes is:
~w ·~x + b1 = 0
~w ·~x + b2 = 0

For a point ~x1 on plane 1 and ~x2 on plane 2, we have:
−→x2 =

−→x1 + t~w
D = |t~w| = |t|||~w||

We can rewrite as follows:
~w ·~x2 + b2 = 0

⇒ ~w ·
(
~x1 + t~w

)
+ b2 = 0

⇒ ~w·~x1+t‖~w‖2+b1−b1+b2 = 0⇒ t = b1 − b2
‖~w‖2

⇒ D = t‖~w‖ =
b1 − b2
‖~w‖

1
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Primal Formulation

Objective

Minimize 1
2
||w||2

s.t. yi(w.xi + b) ≥ 1 ∀i

Q) What is ||w||?

w =


w1
w2
...

wn


||w|| =

√
wTw

=

√√√√√√√√
[
w1,w2, ...wn

]
w1
w2
...

wn



2



Primal Formulation

Objective

Minimize 1
2
||w||2

s.t. yi(w.xi + b) ≥ 1 ∀i

Q) What is ||w||?

w =


w1
w2
...

wn


||w|| =

√
wTw

=

√√√√√√√√
[
w1,w2, ...wn

]
w1
w2
...

wn



2



Primal Formulation

Objective

Minimize 1
2
||w||2

s.t. yi(w.xi + b) ≥ 1 ∀i

Q) What is ||w||?

w =


w1
w2
...

wn


||w|| =

√
wTw

=

√√√√√√√√
[
w1,w2, ...wn

]
w1
w2
...

wn


2



EXAMPLE ( IN ID)

✓
SEPARATING PON

-

Ho



Simple Exercise


x y
1 1
2 1
−1 −1
−2 −1


Separating Hyperplane: wx + b = 0
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Simple Exercise

yi(wixi + b) ≥ 1


x1 y
1 1
2 1
−1 −1
−2 −1


⇒ yi(wixi + b) ≥ 1
⇒ 1(w1 + b) ≥ 1
⇒ 1(2w1 + b) ≥ 1
⇒ −1(−w1 + b) ≥ 1
⇒ −1(−2w1 + b) ≥ 1

4
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Simple Exercise

wmin = 1,b = 0
w.x + b = 0

x = 0
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Simple Exercise

Minimum values satisfying constraints⇒ w = 1 and b = 0
∴ Max margin classifier⇒ x = 0

6



Primal Formulation is a Quadratic Program

Generally;
⇒ Minimize Quadratic(x)
⇒ such that, Linear(x)

Question

x = (x1, x2)

minimize 1
2
||x||2

: x1 + x2 − 1 ≥ 0

7
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Converting to Dual Problem

Primal⇒ Dual Conversion using Lagrangian multipliers

Minimize 1
2
||w̄||2

s.t. yi(w̄.xi + b) ≥ 1
∀i

L(w̄,b, α1, α2, ...αn) =
1
2

d∑
i=1

w2i −
N∑
i=1

αi(yi(w̄.x̄i + b)− 1) ∀ αi ≥ 0

∂L
∂b

= 0⇒
n∑
i=1

αiyi = 0

8



Converting to Dual Problem

∂L
∂w

= 0⇒w̄ −
n∑
i=1

αiyix̄i = 0

w̄ =
N∑
i=1

αiyix̄i

L(w̄,b, α1, α2, ...αn) =
1
2

d∑
i=1

w2i −
N∑
i=1

αi(yi(w̄.x̄i + b)− 1

=
1
2
||w̄||2 −

N∑
i=1

αiyi~w.x̄i −
N∑
i=1

αiyib+
N∑
i=1

αi

=
N∑
=1

αi +
(
∑

i αiyix̄i)
(∑

j αjyjx̄j
)

2
−
∑
i

αiyi

∑
j

αjyjx̄j

 x̄i
9



Converting to Dual Problem

L(α) =
N∑
i=1

αi −
1
2

N∑
i=1

N∑
j=1

αiαjyiyjx̄i · x̄j

Minimize ‖w̄‖2 ⇒ Maximize L(α)
s.t s.t
yi (w̄, xi + b) > 1

∑N
i=1 αiyi = 0 ∀ αi ≥ 0

10



Question

Question:

αi (yi (w̄, x̄i + b)− 1) = 0 ∀i as per KKT slackness

What is αi for support vector points?

Answer: For support vectors,
w̄.x̄i + b = −1 (+ve class)
w̄.x̄i + b = +1 (+ve class)

yi (w̄ · x̄i + b)− 1) = 0 for i = {support vector points}
∴ αi where i ∈ {support vector points} 6= 0
For all non-support vector points αi = 0

11
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Revisiting the Simple Example


x1 y
1 1
2 1
−1 −1
−2 −1



L(α) =
4∑
i=1

αi −
1
2

4∑
i=1

4∑
j=1

αiαjyiyjx̄ix̄j αi ≥ 0

∑
αiyi = 0 αi(yi(w̄.x̄i + b− 1) = 0

12



Revisiting the Simple Example

L(α1, α2, α3, α4) =α1 + α2 + α3 + α4

− 1
2
{α1α1 × (1 ∗ 1)× (1 ∗ 1)

+

α1α2 × (1 ∗ 1)× (1 ∗ 2)
+

α1α3 × (1 ∗ −1)× (1 ∗ 1)
...

α4α4 × (−1 ∗ −1)× (−2 ∗ −2)}

How to Solve? ⇒ Use the QP Solver!!

13



Revisiting the Simple Example

For the trivial example,
We know that only x = ±1 will take part in the constraint
actively. Thus, α2, α4 = 0

By symmetry, α1 = α3 = α (say)
&
∑
yiαi = 0

L(α1, α2, α3, α4) =2α

− 1
2
{
α2(1)(−1)(1)(−1)

+ α2(−1)(1)(−1)(1)
+ α2(1)(1)(1)(1) + α2(−1)(−1)(−1)(−1)

}

Maximize
α

2α− 1
2(4α

2)

14



Revisiting the Simple Example

∂

∂α

(
2α− 2α2

)
= 0⇒ 2− 4α = 0

⇒ α = 1/2

∴ α1 = 1/2 α2 = 0; α3 = 1/2 α4 = 0

~w =
N∑
i=1

αiyix̄i = 1/2× 1× 1+ 0× 1× 2

+1/2×−1×−1+ 0×−1×−2
= 1/2+ 1/2 = 1

15



Revisiting the Simple Example

Finding b:
For the support vectors we have,
yi(~w · −→xi + b)− 1 = 0
or, yi (w̄ · x̄1 + b) = 1
or, y2i (w̄ · x̄i + b) = yi
or, w̄, x̄i + b = yi (∵ y2i = 1)
or, b = yi − w · xi

In practice, b = 1
NSV
∑NSV

i=1 (yi − w̄x̄i)

16



Obtaining the Solution

b =
1
2
{(1− (1)(1)) + (−1− (1)(−1))

=
1
2
{0+ 0} = 0

= 0
∴ w = 1 & b = 0
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Making Predictions

Making Predictions
ŷ(xi) = SIGN(w · xi + b)

For xtest = 3; ŷ(3) = SIGN(1× 3+ 0) = +ve class

18



Making Predictions

Alternatively,
ŷ (xTEST) = SIGN (w̄ · x̄TEST + b)

= SIGN

( NS∑
i=1

αjyjxj · xtest + b
)

In our example,
α1 = 1/2;α2 = 0; α3 = 1/2;α4 = 0

ŷ(3) = SIGN

(
1
2
× 1× (1× 3) + 0+ 1

2
× (−1)× (−1× 3) + 0

)
= SIGN

(
6
2

)
= SIGN(3) = +1

19


