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Non-Linearly Separable Data

Data not separate in R
Can we still use SYM?

Yes!
How? Project data to a higher dimensional space.



Non-Lineary Separable Data
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Non-Lineary Separable Data
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Another Example Transformation




Projection/Transformation Function

¢RI RP
where, d = original dimension
D = new dimension

In our example:
d=1,D=2



Linear SVM:
Maximize

Z Qp = = Z ZO& a‘y,‘ij,‘ Xj

i=1 j=1
such that constriants are satisfied.
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Transformation (¢)
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Trivial Example (Again)
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1. Compute ¢(x) for each point
¢:RY - RP
2. Compute dot products over RP space

QIfD>>d
Both steps are expensive!



Kernel Trick

Can we compute K(x;, X;)

s.t.

K(Xi, X;) = o(X;)-0(X;)

where,

K(>‘<,-,>‘<j) is some function of dot product in original dimension
#(X;)-0(X;) is dot product in high dimensions (after
transformation)



Kernel Trick

B(x) =< V2x, x> >
K(xi, x;) = (1 —|—Xin)2 — 1 where x;x; is dot product in lower
dimensions

(1 +X,'Xj)2 —1=14 2 + X,-Zij =
=< VX, X! > < V25,x7 >
= ¢(Xi)-0(X))
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Kernel Trick

—_——— — — ————

-~ .4+ 0 L+ 2 3 &

o»gxg.\a. Dok Too--sw Dk sl
# [Zw W
€

:‘: -2 3- 4 —2dz x 1
2 -4 -4 - I= A -
3 © ‘

Voo i

[

L

d(x1) =< =22, 4 >; ¢(x) =< —+/2,1 > Transformation
d(X1)p(x2) = —2v2 x —v/2 + 4 x 1 =8 Dot product in 2D

K(x1,%2) = {1+ (=2) x (=1)}*> — 1 Dot product in 1D
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Kernel Trick

Q) Why did we use dual form?
Kernels again!!

Primal form doesn’t allow for the kernel trick

K(X1,X,) in dual and compute ¢(x) and then dot product in D
dimensions
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Gram Matrix: (Positive Semi-Definite)

K(xi, %) = (14 Xix;)?
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Another Example

Q) What is ¢(x)?

K(X,X') = ¢(X)p(x')
/152
K(X,x") = { [)q Xz} [;(j] } = (x1X —|—X2x§)2

2

= B(X) =< X2, V2X1X0, X3 >= XIX7 + XIXP + 201 X;X%) "



Another Example
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1. Linear: K(X1,%;) = X1X;

2. Polynomial: K(X1,X2) = (p + X1X2)9

3. Gaussian: K(X;,X,) = e~ =%l where v = -1, - Also
called Radial Basis Function (RBF)

1
20?



Q) For % = || what space does kernel KX, X') = (1+Xx')3

X2
belong to?
X € R?
¢(X) € R’

K(x,2) = (1+ X121 + x222)°

2 2 2 2 3,3
=< 11X17X27X17X27X1X27X1X27X17X27X'IX2 >

10 dimensional?



Q) For X = x; what space does RBF kernel lie in?

K(ij) = e_'YHX_Z||2

= e*'Y(sz)z

Now:

2. : :
- e~7=2)" is oo dimensionall!!



SVM: Parametric or Non-Parametric

Q) Is SVM parametric or non-parametric?
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SVM: Parametric or Non-Parametric

Q) Is SVM parametric or non-parametric?
Yes and No
Yes — Linear kernel or polynomial kernel (form fixed)
No — RBF (form changes with data)
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RBF is Non-Parametric

¥ (Xtest) = Sign(WXest + b)
Nsy
= S/gn(z a/-yjifqest + b)
j=1
N
§(Xtest) = sign(>_ ayiK(Xj, Xeest) + b)
j=1

aj = 0 where j # S\V.
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RBF is Non-Parametric

Now K(X;, Xtest) for RBF is:

e—ﬂ |Xj—Xtest ||

.. Hypothesis is a function of “all” train points
Closer X is to Xy; more is it influencing §(X) - hypothesis
iy
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RBF is Non-Parametric

- Now if we add a point to the dataset
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RBF is Non-Parametric

- Now if we add a point to the dataset

- Functional form can adapt (similar to KNN)
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RBF is Non-Parametric

- Now if we add a point to the dataset
- Functional form can adapt (similar to KNN)

- .~.SVM with RBF kernel is non-parametric

23



Interpretation of RBF

- 9(x) = sign( asyse I + b)

2%



Interpretation of RBF

+ x) = sign(X aiyieIkxIF 4 b)
« —||x — x;||? corresponds to radial term

2%



Interpretation of RBF

+ x) = sign(X aiyieIkxIF 4 b)
« —||x — x;||? corresponds to radial term

- > ajyj is the activation component
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Interpretation of RBF

- (%) = sign(¥ agyie= KXl 4 b)

« —||x — x;||? corresponds to radial term
- > ajyj is the activation component

- e~Ik=xlI* is the basis component
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RBF: Effect of ~

~: How far is the influence of a single training sample
iy iy

/ J \ /
Yrlow Yo Wig
H?g\ ‘“&“w“f "\;"3 Low \h&\ue,ﬂu. ﬁ "‘-‘S

>
"

25



