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Wiki Link


https://en.wikipedia.org/wiki/Independent_and_identically_distributed_random_variables

Graphical model

Assume model parameters are # and data is D. We can write the
joint probability distribution as:




Graphical model

Assume model parameters are # and data is D. We can write the
joint probability distribution as:



Factorisation of Likelihood

P(D|0) = P(x1,x2,...,xn|0)
= P(x1|0) - P(x2]0) - ... P(xa|0)



MLE



We have three courses: C1, C2, C3. Assume no student takes
more than one course. The scores of students in these courses are

normally distributed with the following parameters:
e Cl: u; =80,01 =10
o C2: up =70,00 =10
e C3: M3 = 90,0’3 =5



We have three courses: C1, C2, C3. Assume no student takes

more than one course. The scores of students in these courses are

normally distributed with the following parameters:

e Cl: u3 =80,01 =10

o C2: M2 = 70,02 =5(()

e C3: u3=90,03 =5
| randomly pick up a student and ask them their marks. They say
82. Which course do you think they are from? To keep things

simple, for now assume that all three courses have equal number of
students.



We have three courses: C1, C2, C3. Assume no student takes

more than one course. The scores of students in these courses are
normally distributed with the following parameters:

e Cl: u; =80,01 =10

o C2: up =70,00 =10

e C3: u3 =90,03=5
| randomly pick up a student and ask them their marks. They say
82. Which course do you think they are from?
Most likely C1. But why?



Pop

Let us plot the probability density functions of the three courses.
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Pop

Let us plot the probability density functions of the three courses.
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Notebook (bayes-librarian.ipynb)
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Let us say we observed a value of 20. We know it came from a
normal distribution with 0 = 1. What is the most likely value of u?
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Let us say we observed a value of 20. We know it came from a
normal distribution with & = 1. What is the most likely value of u?

20. But why?
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Let us say we observed a value of 20. We know it came from a
normal distribution with ¢ = 1. What is the most likely value of u?

20. But why?

Let us evaluate probability density function at 20 for different
values of p for o =1, i.e., f(x = 20|p, 0 = 1).

ii5)



Let us say we observed a value of 20. We know it came from a
normal distribution with ¢ = 1. What is the most likely value of u?

20. But why?

Let us evaluate probability density function at 20 for different
values of p for o =1, i.e., f(x = 20|p, 0 = 1).

Importantly, this is a function of x and not x (which is fixed at 20).
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Notebook (mle-univariate.ipynb)
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Let us now go back to our original problem. We have three courses:
C1, C2, C3. Assume no student takes more than one course.

We ask two students their marks. The first student says 82 and
the second student says 72. Which course do you think they are

from? Assumption: Both are from the same course.

Let us create a table of probabilities for each course:
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MLE for Univariate Normal
Distribution



Univariate Normal Distribution

The probability density function of a univariate normal distribution

is given by:
1 (x —n)?
2\ _
f(xlp,0%) = O <_%2 (1)
Let us assume we have a dataset D = {xy, x2, ..., Xn}, where each

x; is an independent sample from the above distribution. We want
to estimate the parameters 6 = {1, 0} from the data.

Our likelihood function is given by:

P(DI6) = L(n,0%) = [ ] F(xiln, 0%) (2)
i=1
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Log Likelihood Function

Log-likelihood function:
log L1, 0 Zlogf xi|, 0 (3)

Simplifying the above equation, we get:

log L(y1, 0 Z log f (i, o
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08 £(j1,0%) — Izn; <Iog (\/ﬁ) B (Xi2;2'u)2>

_Z<—Iog27ra) (20’“‘)2>
:——Iog27m — 5 QZ

Log Likelihood Function for Univariate Normal Distribution

Log-likelihood function for normally distributed data is:

n 1 «
log L(p,0?) = =5 log(27) — nlog(o) — 552 Z(x,- — p)?
i=1
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Log-likelihood surface plot

We have 50 samples from a normal distribution with ¢ = 0 and

o = 1. Let us plot the log-likelihood surface for different values of
i and o.

Notebook mle-univariate
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Maximum Likelihood Estimate for 1

To find the MLE for u, we differentiate the log-likelihood function
with respect to i and set it to zero:

dlog L(p,0%) 0 ( n 5 1N -2 ) -
— o " 2|og(27r0) 552 Z:(X, n)] =0
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MLE for o for normally distributed data

Log Likelihood Function for Univariate Normal Distribution

Log-likelihood function for normally distributed data is:

n 1 <
08 £(14,0) =~ log(2m) ~ nlog(0) ~ 5. > (xi )
i=1

Now, we can differentiate the log-likelihood function with respect
to o and equate it to zero.
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MLE for o for normally distributed data

0
67 |Og L(/J’v - 0_3 Z
Multiplying through by 3, we have:
n
—no? + Z(X, -
i=1
Maximum Likelihood Estimate for o2

MLE of o2, denoted as 6’%/|LE1 is given by:
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Population v/s Sample

Distribution of the population:

N(p,0?)

Population Distribution
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Population v/s Sample

Entire population:

oo samples from N (u,o?)

Population Distribution
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Population v/s Sample

Goal estimate of parameters 1 and o2 from a sample:
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Notebook (mle-biased.ipynb)
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Sample Size = 3, Sample Number = 0

Sample size: 3
Sample parameters: [=0.76, 6% = 0.38
X samples

true distribution
—— estimated distribution

0.8

0.4 4

0.2 A

0.0 o X X X

30



Sample Size = 3, Sample Number = 1

Sample size: 3
Sample parameters: /i = 0.68, 6% =2.25
X samples

—— true distribution
estimated distribution
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Sample Size = 3, Sample Number = 2

0.8

0.4 4

0.2 A

0.0 4

Sample size: 3
Sample parameters: [i= - 0.78, 0> =0.04

X samples
true distribution
—— estimated distribution
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Sample Size = 3, Sample Number = 3
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Sample size: 3
Sample parameters: /i =0.29, 6% = 0.08

X samples
—— true distribution
estimated distribution
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Sample Size = 3, Sample Number = 4

Sample size: 3
Sample parameters: [i=0.36, 0> =0.81
X samples

—— true distribution
estimated distribution
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Sample Size = 3, Sample Number = 5
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Sample size: 3
Sample parameters: (i =0.06, 6% =0.12

X samples
—— true distribution
estimated distribution
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Quality of Estimate from Sample Size = 3

Sample size=3
£ = - 0.02 El0?] = 0.65
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Sample Size = 4, Sample Number = 0

0.8

0.4 4

0.2 A

0.0 4

Sample size: 4
Sample parameters: [i=0.33, 02=0.83

X samples
—— true distribution
estimated distribution
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Sample Size = 4, Sample Number = 1

Sample size: 4
Sample parameters: [i=0.76, 02=1.71
X samples

—— true distribution
estimated distribution
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Sample Size = 4, Sample Number = 2

Sample size: 4
Sample parameters: /= - 0.39, 02 =0.48
X samples

true distribution
—— estimated distribution
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Sample Size = 4, Sample Number = 3

Sample size: 4
Sample parameters: /= - 0.03, 02=0.36
X samples

—— true distribution
estimated distribution
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Sample Size = 4, Sample Number = 4

Sample size: 4
Sample parameters: [i=0.33, 02=0.61
X samples

—— true distribution
estimated distribution
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Sample Size = 4, Sample Number = 5
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Sample size: 4
Sample parameters: (i=0.01,62=0.10

X samples
true distribution
—— estimated distribution
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Quality of Estimate from Sample Size = 4

Sample size=4
Eli]=0.02 E[0?]=0.76
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Sample Size = 5, Sample Number = 0

0.8

0.4 4

0.2 A

0.0 4

Sample size: 5
Sample parameters: [1=0.13, 6% =0.82

X samples
—— true distribution
estimated distribution
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Sample Size = 5, Sample Number = 1

Sample size: 5
Sample parameters: /i = 0.54, 6% =1.55
X samples

—— true distribution
estimated distribution
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Sample Size = 5, Sample Number = 2

Sample size: 5
Sample parameters: [i= -0.51, 02=0.44
X samples

true distribution
—— estimated distribution
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Sample Size = 5, Sample Number = 3

Sample size: 5
Sample parameters: fi= - 0.07, 0>=0.30
X samples

—— true distribution
estimated distribution
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Sample Size = 5, Sample Number = 4

Sample size: 5
Sample parameters: (i=0.37, 02 =0.49
X samples

—— true distribution
estimated distribution
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Sample Size = 5, Sample Number = 5
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Sample size: 5
Sample parameters: /= - 0.04, 0> =0.09

X samples
—— true distribution
estimated distribution
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Quality of Estimate from Sample Size = 5

Sample size=5
El]=0.01 E[0?]=0.76
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Sample Size = 10, Sample Number = 0
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Sample size: 10
Sample parameters: [i=0.02, 6% =1.55

X samples
—— true distribution
estimated distribution
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Sample Size = 10, Sample Number = 1

Sample size: 10
Sample parameters: [i=0.44, 0>=0.93
X samples

—— true distribution
estimated distribution
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Sample Size = 10, Sample Number = 2

Sample size: 10
Sample parameters: [i= - 0.18,6%=0.71
X samples

—— true distribution
estimated distribution
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Sample Size = 10, Sample Number = 3

Sample size: 10
Sample parameters: /= - 0.09, 0>=0.93
X samples

—— true distribution
estimated distribution
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Sample Size = 10, Sample Number = 4

Sample size: 10
Sample parameters: i =0.50, 0% = 0.35
X samples

—— true distribution
estimated distribution
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Sample Size = 10, Sample Number = 5

Sample size: 10
Sample parameters: [i=0.15, 6% = 0.65
X samples

—— true distribution
estimated distribution
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Quality of Estimate from Sample Size = 10

Sample size=10
Elii]=0.03 E[0?]=0.92
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Sample Size = 100, Sample Number = 0

Sample size: 100
Sample parameters: /= -0.07, 0>=0.87

X samples
—— true distribution
estimated distribution

0.8

0.4 4

0.2 A

0.0 4

58



Sample Size = 100, Sample Number = 1

Sample size: 100
Sample parameters: (i =0.02, 6% =0.88
X samples

—— true distribution
estimated distribution
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Sample Size = 100, Sample Number = 2
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Sample Size = 100, Sample Number = 3

Sample size: 100
Sample parameters: fi= -0.01,02=0.86
X samples

—— true distribution
estimated distribution
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Sample Size = 100, Sample Number = 4

Sample size: 100
Sample parameters: [1=0.12, 6% =0.94
X samples

—— true distribution
estimated distribution
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Sample Size = 100, Sample Number = 5

Sample size: 100
Sample parameters: /= - 0.03, 02 =0.80
X samples

—— true distribution
estimated distribution
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Quality of Estimate from Sample Size = 100

Sample size=100
Eld] = -0.02 E[0?]=0.98
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Quality of Estimate (of Variance) v/s Sample Size (N)

Estimated standard deviation

5 10 100
Sample size
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Quality of Estimate (of Variance) v/s Sample Size (N)

Estimated standard deviation

5 10 100
Sample size

Can you think of a way to improve the estimate of variance? Hint:
Think of some function of the number of samples.
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Quality of Estimate (of Variance) v/s Sample Size (N)

Corrected standard deviation

Sample size (N)

Correction multiplactive factor for variance:

N—-1
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Bias of an Estimator

Bias of an Estimator

The bias of an estimator  of a parameter 6 is defined as:

Bias(d) = E(d) — 0

where E(f) is the expected value of the estimator 6.

e An estimator is said to be unbiased if Bias(d) = 0
e An estimator is said to be biased if Bias(d) # 0.
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Bias of an Estimator: Relation to Bias-Variance Tradeoff in

ML

Slides from ML course

69


https://nipunbatra.github.io/ml2023/lectures/cross-validation.pdf

Bias of an Estimator: Relation to SGD

Link from ML course

70


https://florian.github.io/estimators/

Bias of an Estimator: [iy £

Reference

71


https://online.stat.psu.edu/stat415/lesson/1/1.3

MLE for Bernoulli Distribution

The probability mass function of a bernoulli distribution is given by:

f(x]6) = 6*(1 — 6) ) (4)

Let us assume we have a dataset D = {xy, x2, ..., Xn}, where each
X; is an independent sample from the above distribution and
xi € {0,1}. We want to estimate the parameter 6 from the data.

Our likelihood function is given by:

P(DI6) = £(6) = [ ] f(xil6) (3)

i=1
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Graphical model

Assume model parameters are # and data is D. We can write the
joint probability distribution as:

{

Jol |
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Log Likelihood Function

Log-likelihood function:
n
log £(0) = > _ log f(xi|6) (6)

Simplifying the above equation, we get:

log £(6) = Zn: log f(x;|6)
= Z log (GX’ (1 X’)>
. Z (1og () + tog (1 — )=}

i=1
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n

log £(8) =) _ (xilog (6) + (1 — x;) log (1 — 6))
i=1

Log Likelihood Function for Bernoulli Distribution

Log-likelihood function for bernoulli distributed data is:

n

log £(6) = Z(x,- log(0) + (1 — x;) log(1 — 0))
i=1
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Maximum Likelihood Estimate for 0

To find the MLE for 6, we differentiate the log-likelihood function
with respect to # and set it to zero:

8Iog@£() aag <Z (xilog (0) + (1 — x;) log (1 — 9)))

( (x; log (6 (;90(1—x,)log(1—9)>
<x,§9 (1- )59|og(1 —9))
(

X — .
0 1— )‘O

M:HM

=il

I
=

i=1
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n

dlog L(6) xi(1=0) =001 —x)\ _
20 _,1< 0(1—0) )_O
B n x; — x;0 — 0 + 0x;
(e )
n x; — 0
-3 (ati-9)
:Z(X;—H)ZO
i=1
=) xi—-> 0=
i=1 i=1
:ZX;—H@Z

I
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Maximum Likelihood Estimate for 6

MLE of 6, denoted as 9M|_E, is given by:
Dol Xi
n

OMmLE =
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For example if we have a Bernoulli Distribution with § = 0.2, the
likelihood, P(D|0) is given below:

Likelihood function for Bernoulli distribution
0.0175
0.0150
0.0125 -

0.0100 1

p(x|6)

0.0075 +

0.0050 +

0.0025 +

0.0000 +

0.0 0.2 0.4 0.6 0.8 1.0
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MLE for Multivariate Normal
Distribution




MLE for Multivariate Normal Distribution

The probability density function of a multivariate normal
distribution is given by:

(x|, T) = (2m)~ det(E) Fexp 2 0o (7)

Let us assume we have a dataset D = {x1, x2, ..., Xp}, where each
X; is an independent sample from the above distribution. We want

to estimate the parameters 6 = u, o from the data.

Our likelihood function is given by:

n

P(DI6) = L(n,T) = ] ] f(xiln T) (8)
i=1
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For example: A bivariate Normal distribution can be visualized as

given below:

Covariance Matrix:
[[1. 0.5]
[0.52.11
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Log Likelihood Function

Log-likelihood function:
log £(11, T Zlogf x|, T (9)

Simplifying the above equation, we get:

log £(p, ) = Zlogf x|, X
= Z log ((27?)_§ det(Z)_%exp_%(x"_“)TZ_l(X’_“)>
—Zlog ((2m) 75 —i—Zlog (det(X %

Z log(exp™ 07— = -u)y)
' 82



Continuing, we get:

Log Likelihood Function for Multivariate Normal Distribution

Log-likelihood function for multivariate normally distributed
data is:

n

X tog(2r) — 7 log(%) — 5 > (s =) i
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Maximum Likelihood Estimate for 1

To find the MLE for u, we differentiate the log-likelihood function
with respect to i and set it to zero:

= ;u (_kn log(27) — = |Og(Z) = Z(Xi )T — M))

i=1

i=1

= _% Z (Z_l(x,- —p)+ (x5 — /L)TZ_1> =0
= _7222 =0

as (xi —p) "= =T (x — p)
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Maximum Likelihood Estimate for

MLE of p, denoted as fimLEg, is given by:

1 n
AMLE = - E Xi
=
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MLE for ¥ for multivariate normally distributed data

Recall that the log-likelihood function is given by:
log L(p, X Z log f(x;j|p, (10)

Let us find the maximum likelihood estimate of ¥ now. We can do
this by taking the derivative of the log-likelihood function with
respect to X and equating it to zero.

0 |0g ‘C(Mv Z) _ Zn: 0 |Og f(Xi‘:ua z)

ox ox =0 (11)

i=1
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After differentiating and simplifying, we get:

Maximum Likelihood Estimate for >

MLE of %, denoted as iMLE, is given by:
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