Variational Inference

Nipun Batra
November 16, 2023

IIT Gandhinagar



Introduction



Bayesian ML: Recap

e We assume a prior distribution over the parameters of the

model given as P(0)
e We assume a likelihood function P(D|0)
e We use Bayes' rule to find the posterior distribution of the
: : _ P(DI9)P(6)
parameters given the data: P(0|D) = —PD)

e Typically, we can not compute the posterior distribution
analytically as the denominator is intractable



Bayesian ML: Methods

Laplace MCMC (Markov
Approximation Chain Monte Carlo)
Approximates the Generates samples
posterior with a from the posterior

Gaussian distribution distribution by
parameterized by constructing a

V= (p, X). Markov chain.

9w (0) = N(u, X) P(6]D) « P(D|0)P(6)

where p is the mode
of the posterior and ¥
is the negative inverse
Hessian of the log
joint distribution
evaluated at Oyap.

Variational
Inference

Poses posterior

inference as an
optimization problem.

The approximating

distribution is
parameterized by V.

v = arg min KL(qy (0)||P(8]D))



KL Divergence

e KL divergence is a measure of dissimilarity between two

distributions.
e It is defined as: KL(q||p) = [ q(6 Iog d9
e Or, can be written in terms of expectatlons as:
KL(qllp) = Eqp) |log 23]



Exercise

Compute the KL divergence between two Gaussian distributions
q(0) = N (pq,02) and p(0) = N (pp, 03).



Exercise

Compute the KL divergence between two Gaussian distributions
q(0) = N (pq,02) and p(0) = N (pp, 03).

o KL(q||p) = Eq) ['Og %}



Exercise

Compute the KL divergence between two Gaussian distributions
q(0) = N(Mq,dg) and p() = ./\/'(up,ag).
9
* KL(gllp) = Eq() [log 43}
e Expanding q(0) = N(uq,02) = ﬁeXp (—%)

27rq q



Exercise

Compute the KL divergence between two Gaussian distributions
q(0) = N (pq,02) and p(0) = N (pp, 03).

o KL(q||p) = Eq) ['Og %}
e Expanding q(0) = N(uq,02) = ﬁeXp (—M>

2oy 203
o KL(ql|p) = Eq(p) [log %} =

q
_ 2
L exp (_ (® M2q) )
A /27ro% 2Uq




Exercise

Compute the KL divergence between two Gaussian distributions
q(0) = N (pq,02) and p(0) = N (pp, 03).

o KL(q[lp) = Eqp) [log %}
) ERY
e Expanding q(0) = N(uq,02) = ﬁexp <—%>
q
e KL(q|[p) = Eqp) [mg %} -

_ 2
L exp (_ (0 M2q) )
A /27ro% 2Uq

27ro'g 2(7;27
2
217ro'2 eXp<_( 2:2q) )
o KL(qllp) = Eqg) |log 1" + log TR
27ro'l2, exp(— 2:2p )



Exercise

Compute the KL divergence between two Gaussian distributions
q(0) = N (pq,02) and p(0) = N (pp, 03).
o KL(q||p) = Eq) [log %}
e Expanding q(0) = N(uq,02) = ﬁexp <_M>

27 202
q q

_ 2
L exp (— ® M2q) )
\/27‘-70% 2(rq

2 2 o 2
The answer is: 2 (Iog Z—% + % _ 1)
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Exercise

Compute the KL divergence between two Gaussian distributions
q(0) = N (pq,02) and p(0) = N (pp, 03).

ro_1 _(0-ng)’®

27ro'g xp 207
o KL(ql[p) = Eq(p) |log 2 + log TP
27“7%7 eXp(— 202 )

r 1
o2 _ 2 _ 2
o KL(qllp) = Eq(g) |log Y1 + logexp (U5l + Ct) )]




Exercise

Compute the KL divergence between two Gaussian distributions
q(0) = N (pq,02) and p(0) = N (pp, 03).

ro_1 _(0-ng)’®

27ro'g xp 207
o KL(ql[p) = Eq(p) |log 2 + log TP
27“7%7 eXp(— 202 )

P

r 1
o2 _ 2 _ 2
o KL(qllp) = Eq(p) [log Y57 + logexp ({7522l + (1) )]

e KL(qllp) = Eq(g) |log

2
2(7q

7T(T2 — —
\/21 q + (_(9 ﬂq)2 +(925§)2>]



Exercise

Compute the KL divergence between two Gaussian distributions

CI(G) = N(/qu q) and p(@) N(ﬂpvag).

[ - exp [ — (@=+a)
2#03 P 203
* KL(qu) - Eq(g) |Og T + |0g (0—pp)?
27“7%7 exp<_ 20‘2:’ )

P

B 1
[ KL(qu) = Eq(g) |0g @ AL |Og exp (_ (925‘2:) 4 (925;) )]

7T(T2 . o
L (gt 4 Ot

e KL(q[|p) =Eq() |log =
L 271'0';2)
* KL(gllp) =
E,(0) |log *or% + (_("2—29M;+u5> N (92—29u2p+u§))]
20 2%
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e KL(qllp) =
o2 02—20pq+p2 02—20 1,42
271'0'




Exercise
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e Now using linearity of expectation, we get:



Exercise

Compute the KL divergence between two Gaussian distributions
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o KL(gllp) =
Eq(0) |log @ - (_(92—2295?“5) " (92—2§5§+u§))]
220
o KL(gllp) =
Eao |0 U+ (G B £ - B+ )
= 220

e Now using linearity of expectation, we get'

o 92 26 26
* KL(qllp) = |°g?5+Eq(9)(_ﬁ+ 2557 20—2 +202 2¢f2p+2a2)




Exercise

Aside:

0 ~ q(0) = N(pq,03)
Eqe9) [0] = 11q

Eqe) [0%] = 0 + 15
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Exercise
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= 9 62 | 20u w2 g2 20u o
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Compute the KL divergence between two Gaussian distributions
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* KL(ql[p) = log 32 +Eq(s)( 202 T 202 202 T 202 202 +20—,2,)

e Using the aside, we expand the expectation:
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Term 1 = log Z—z

20 2 242
Term 3: Eq(g) ( 2;?) = ﬁEq(Q) (9) = ﬁ




Exercise
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Exercise
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Exercise

Compute the KL divergence between two Gaussian distributions

q(0) = N(ug,03) and p(8) = N(up, 7).
2
o Term 4: E ) (—%) = 2’2_‘72

2
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Exercise

Compute the KL divergence between two Gaussian distributions

q(0) = N (g, 03) and p(0) = N (pp, 03).
2
o Term 4: E ) (—%) = 2’2_‘72

2
Term 5: Eqp) (ﬁ) _ et

2 2
20p 20p

Term 6: Eg ) (—29“") — _2Halp

2 2
20'p 2c7p
2

o
Term 7: Eqp) (202) = ﬁ
Overall after simplification, we get:

2 _ 2 2
KL(qllp) = 3llog 2 — 1+ eZpal 1 %]



Notebook demo
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Notebook demo
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Monte Carlo Sampling
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Notebook demo
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Repameterization Trick

Original formulation

def original_loss(loc, scale):
q = dist.Normal(loc=loc, scale=scale)
sample_set = q.sample([n_samples])
return torch.mean(q.log_prob(sample_set) - p_s.log_prob(sample_set))

Deterministic Node

Stochastic Node

ii5)



Repameterization Trick

New formulation (reparameterization trick)

def loss(loc, scale):
q = dist.Normal(loc=loc, scale=scale)
std_normal = dist.Normal(loc=0.0, scale=1.0)
sample_set = std_normal.sample( [n_samples])
sample_set = loc + scale x sample_set
return torch.mean(q.log_prob(sample_set) - p_s.log_prob(sample_set))

Deterministic Node

=
1

® T—x—@
-

Stochastic Node
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Notebook demo
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Evidence Lower Bound (ELBO)

e Our goal was to find the parameters 1) of the approximating
distribution qy(f) such that it is as close as possible to the
true posterior distribution P(6|D).
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ELBO

0
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ELBO

o KL(qu(O)[IP(8]D)) = Eqy(o) [log 240 ]
e Using Bayes rule, we write: P(6|D) = %
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ELBO

KL(qu(0)[|P(8]D)) = Eqy(o) [log 240 ]
P(D|0)P(0)
P(D)

Using Bayes rule, we write: P(0|D) =

Substituting, we get:

KL(qw(0)]1P(61D)) = Eqy ) [log 20N

Expanding, we get:
KL(qu(0)l|P(6]D)) = Eqy (o) |lo8 by + log P(D)|
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ELBO

o KL(qu(6)[|P(0]D)) = Equ(s) [108 24

e Using Bayes rule, we write: P(6|D) = %

e Substituting, we get: )
KL(qu(0)[IP(8]D)) = Eqy(o) [log 2P0 ]

e Expanding, we get: )
KL(qu(0)l|P(6]D)) = Eqy (o) |lo8 by + log P(D)|

e As log-evidence, log P(D) is independent of W, we get:

KL(qw(6)IIP(0]D)) = Eq, o) |log paiday ] + log P(D)
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ELBO

0
o KL(qu(8)IIP(#]D)) = Eqy(0) |lo8 psfisidsy] + log P(D)
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https://mbernste.github.io/posts/elbo/
https://mbernste.github.io/posts/elbo/

ELBO

o KL(quw(0)||P(6|D)) =
o KL(quw(0)||P(6|D)) =

>0

0
aw(6) 198 3y | + 108 P(D)

E
0
Eau(0) 198 prsyeim + log P(D)
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>0

e Let us call the term Eg s [Iog #&%9)} as -ELBO(q)
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ELBO
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>0
Let us call the term E () [Iog #&%9)} as -ELBO(q)
e We can see that log-evidence or log P(D) > ELBO(q)
e Or, we can see that the evidence term is lower bounded by
the ELBO term

Evidence = log P(D)

KL(gy(®) || P©|D))

e(0)
ELBO@) = - Eqp [IOg P\m;wm]

Figure 1: ELBO Inspired by: https://mbernste.github.io/posts/ 20
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Worked out example: Coin Toss
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Worked out example: Linear Regression
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Worked out example: Neural Networks
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