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Expectation , Higher
Moments

0) Would you pay me Rs . 4 to pay a

game where I pay you
the number you

get on roll of
dice ?

No !

In expectation , you
will lose 50 paise



E[X] = Expx()
eEX(r)

where

Px(x) = p(X = x]
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a) X - Beroneli (p)

E[X] = ?

Px(x) = [Pi
E[X]=Expx(x)

= oxtp
+P

= P
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6) X & Binomial (n , p)

E[X] = 3.

Px(k) = (u)p(1- p)2
-

E[X]= R * (2) plp
So start= Rek) : pR(

+pyR [Asox .. = 0)
from
k= 1

= (i) p
* C1-ps

- m
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6) X & Binomial (n , p)

E[X] = 3.

Px(k) = (u)p(1- p)2
-

E[X] = up()-

= mp[Px(m) where Yw
Binomial (n-1.m)

= upa/

= up
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E[X] = ?

R
-
X

Px(k) = Xe in

EEX] =R
= Re

lasko- - =

=
=
x) = X
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Xu Binomial (2 , 0
.5)

0 heads = 0 Rupees p(x=0 = Px(0) = (2)(5)(570
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= 1/4
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Gome playing
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on average
what is your

return? Px(2) = -
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Properties of Expectation

D) Function of
X

For any function g;

E(g(x)] = Eg(n)px(x)

a) You toss
two coins :

a

0 heads = 0 Rupees Px(x)

I heads = 10 Rupees

2 heads = 25 Rupees

game playing-co
Rupees it is

X g(x)
E2g(x)) =

0x1 + 10x1
+ 25x

= 3 + 6 . 25 = 11 . 25



Properties of Expectation

D) Function of
X

For any function g;

E(g(x)] = Eg(n)px(x)

a) You toss
two coins :

a

0 heads = 0 Rupees Px(x)

I heads = 10 Rupees

2 heads = 25 Rupees

game playing-co
Rupees it is

X g(x)
E2g(x)) = 11.25
Expected gaiz = EIg(x)]-20

= - 8 .75
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E[cX] = [cxpx(x)

= cExpx()
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↑

Properties of Expectation

D Scale E[X] = <E[x]

Q) Assume X-Passon(x=5) = # orders you
sell per day

Fer each sale you get 1000 INR :

what is Expected money earned daily

Emp . Money
= =(1000x] = 1000 [x] = 100005 = 5000 ENR

PX(u)
Px(x) -

!.... MB
....
wo

0 1000 200.

Y
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↑

Properties of Expectation

[I) Linearity of Expectation(x] = f(g(x)] + =[h(X)]

= (g(x)+ n(x))px(x)

= Eg(x) Px(x) + Eh(x)Px(z)

= E2g(x)] + =[h(x)]
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↑

Properties of Expectation

III) Linearity of Expectation
Elg(x) + n(x)]

= z(g(x)) + E[hIX)]

0) . X- Poisson(s) denote r .v . for # daily sales.

g(X) =
1000X (Commissio per sale)

h(x) = E
- 2000 : 0 sale 3 [Penalty]
-soo ; I sale

0 ;, 2
sales

E[g(x) + h(x)) = Eig(x)]
+ E2h[x)]

= 1000 + 3 + (2000x338 + 7560)[33
--

O' I'

= 3000 + (- 99) + (= 75) = 3000
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↑

Properties of Expectation

[I) DC shift

E[X + c) =
E[x] + c

= E(x+c) px(x)
R

-

=Expx(x)
+ cEPx(x)

= E[X] + c

= E[x]+ c
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2) You
have option to play 2 games

G2 :
Herds +roods

G ,: Heads +2000Ds Tails-cooRs

Tails-2000Rs

what is expected return for both gamer
?

g
variance !

BUT G ,
is riskier : larger
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E[XR] = ExRpx(x)

variance
-

variance of rv. showing spread is

VAR [x] = E[X-EC]()]
= E[X2-2xE[x]+ E2x32]

= E[X] - 2EL] · EED] + EEx]2
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Moments
-

6th moment of r.v . Xis

E[XR] = ExRpx(x)

variance
- X is M . V .

variance of rv. showing spread is
E[X] is a

VAR [x] = E[X-EC]()] constant once

= E[X2-2xE[x]+ E2x32]
computed.

:. E [e[x]]

= E[X] - 2EL] · EED] + EEx]2
= E[X]

= E[x2] - z[x] ( : E(c) = C)
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0) . X ~ Bemoulli (p)

VAR(X] = p - ph

0) F01 what p is VAR maximized.

& (p -pz) = 0
= 1 -2p = 0

Op
= p = 0

.5

p(l-p)

-
· of a
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Q) X ~ Binomial (n , p)

E(x) = up

VARIX]=?

VAR2x]= E[X2] - E[x]

Naw -
=[x]=) p-

n- R

:R
n - R

=( - p)

R= 1 (R) ! R .
(R-1) !



Q) X ~ Binomial (n , p)

E(x) = up

VARIX]=?

VAR2x]= E[X2] - E[x]
n - R

New :
E[x]= Mr : -(1 - p)
-

R= 1 (n - r) ! R .
(R - 1) !

=-RR



Q) X ~ Binomial (n , p)

E(x) = up

VARIX]=?

VAR2x]= E[X2] - E[x]
n - R

-(1 - p)
Now:[x=Mr

R= 1 (n - r) ! R .
(R - 1) !

=-RR
n-R

-RRPRI



Q) X ~ Binomial (n , p)

E(x) = up

VARIX]=?

VAR2x]= E[X2] - E[x]
↑

Naw
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Q) X ~ Binomial (n , p)

E(x) = up

VARIX]=?

VAR2x]= E[X2] - E[x]
↑

Naw
,

=[x]= MiPRCRRPRR
n
-k

PRP
= n(n-DpuRR= 2



Q) X ~ Binomial (n , p)

Naw
,

=[x]= n(n-DRCpuRR= 2

n-R

=En (mpcrp.
n-R

- pn(n-
let 1= R- 2

Rmin = 2
↳ max = n

lmin = 0
emax = n - 2 = m



Q) X ~ Binomial (n , p)

Naw-
=2x) = prnCu-1mpelp e(x)

= pn(n-1)Binomial (m ,
e) +E

=

- p2n(n- 1) + 1 + up



Q) X ~ Binomial (n , p)

Naw-
=2x) = prnCu-1mpelp e(x)

= pn(n-1) Binomial (m ,
e) + z[x]

1 = 0

=

- p2n(n- 1) + 1 + up

VAR(x) = E[xz] - EEx]

= p-n(n- 1) + up - (p)

= pr - pn + pu-n-ph
VAR(X) = up(1- p)
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Properties of Variance

D scale

var [cX]= var[X]

var(x] = z[
-
E[x]

=3E[X] - E[x]2

= var[X]

=>

1 M #
< -
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Properties of Variance

#) DC shift

var [x +c]
= var[X]

= Ex+ E] - E[x+ (T)2

= z[x+ c +2x] - ((x] + c)

= z[x] + c +2cz[x] - [x] - c -
2cE[x]

= z[x] -
EEx]

= VAR2x]

↳
2
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Penisiting +2000
,
-2000 game

let us say
win amt = o ; Loss ant--q

ASIDE

Xu Binomial (N ,P)
If some r .v.

E[x] = Np

var[x] = Np(l-p)
< I



If some r .v .

Xn Binomial (N ,P)

E[x] = Np

var[x] = Np(l-p)
< I

N = 1 ; Support 20 , 13 I
N = 2 ;

support 20 ,
1
, 23

I

!

N = w ; support 20 ,
1
... --NSIII
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Penisiting +2000
,
-2000 game

let us say
win amt = q Loss aut = -q

# wins inN rounds .
let us use a r.v W denoting , needs)

W~Binomial (N , p)

2 . v . L denoting
#Losses (ails)

L = N - W

Total rewardafter N rounds

Sw = qw - q) = qw - q(N - w)

= 2qw = qN
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Penisiting +2000
,
-2000 game

Total reward after N rounds

Sw = 2qw-qN

Now
,
EEsN] = E [2qw]-E[qN]

= 2qE[w] - qN

= 2qkNap-gn

= qN(2p - D

For p = 0
. S

E(sw] = qn(2x -5 - 1) = 0
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Penisiting +2000
,
-2000 game

Total reward after N rounds

Sw = 2qw-qN

VARISN] = vAR[2qn-aN]
↑
Constant

= VAR [2qw]

= 4qvar[w]

= <q No poll-p)

VARIsn] = GgNoLbE = N
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Penisiting +2000
,
-2000 game

Total reward after N rounds

Sw = 2qw-qN

EISw] = 0

VARIsn] = GgNoLbE = N

VARISw] <N

As N4 ;
VARCSn] 4




